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Preface

HOR 2010 is a forum to present work concerning all aspects of higher-order
rewriting. The aim is to provide an informal and friendly setting to discuss re-
cent work and work in progress. Previous editions of HOR were held in Copen-
hagen — Denmark (HOR 2002), Aachen — Germany (HOR 2004), Seattle — USA
(HOR 2006) and Paris — France (HOR 2007).

This year we had a total of 8 papers presented, all addressing interesting
ideas. Also, we had two invited speakers to whom I would like to give thanks:

* Maribel Ferndndez (King’s College London) who talked about Closed nom-
inal rewriting: properties and applications and

 Silvia Ghilezan (University of Novi Sad) who talked about Computational
interpretations of logic.

My appreciation also to the members of the PC (Zena Ariola, Frédéric Blan-
qui, Mariangiola Dezani-Ciancaglini and Roel de Vrijer) for lending their time
and expertise, the referees, and to Delia Kesner and Femke van Raamsdonk for
providing valuable support. Thanks also to GDR-IM which awarded funds to
HOR’2010 that was used for supporting presentation of papers by students.

Finally, I would like to thank the organizers of FLoC 2010 and affiliated
events for contributing towards such an exciting event.

Eduardo Bonelli (Universidad Nacional de Quilmes, Argentina)
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Closed nominal rewriting:
properties and applications

Maribel Fernandez
King’s College London, Strand, London WC2R 2LS, UK
Maribel .Fernandez@kcl .ac.uk

Rewriting systems (see, for instance, [6} [1,20]) have been used to model the dynamics (deduction and
evaluation for example) of formal systems described by abstract syntax trees, also called terms. In the
presence of binding, a-equivalence, that is, the equivalence relation that equates terms modulo renaming
of bound variables, must be taken into account. One alternative is to define binders through functional
abstraction, taking a-equivalence as a primitive, implicit notion, and working with equivalence classes
of terms. For instance, Combinatory Reduction Systems (CRS) [14], Higher-order Rewrite Systems
(HRS) [17] and Expression Reduction Systems (ERS) [13] use the A-calculus as meta-language and
terms are defined “modulo alpha”. The price to pay is that we can no longer rely on simple notions such
as structural induction on terms and syntactic unification.

Alternatively, the nominal approach [12, [19] distinguishes between object-level variables (written
a,b,c and called atoms), which can be abstracted but behave similarly to name constants, and meta-
level variables or just variables (X,Y,Z,...), which are first-order in that there are no binders for them
and substitution does not avoid capture of free atoms. In nominal terms variables have arity zero, as in
ERSs (but unlike ERSs, substitution of atoms for terms is not a primitive notion). The a-equivalence
relation is axiomatised in a syntax-directed manner (thus we can reason by structural induction) using
a freshness relation between atoms and terms, written a#t (i.e., “a is fresh for t”). Nominal rewriting
systems (NRSs) [[7] are rewriting systems on nominal terms. For example, 3-reduction and n-expansion
rules for the A-calculus are written as:

app(A(Ja]M),N) - subst([a]M,N)
a#X [1 X - A([alapp(X,a))

where the substitution in the B-rule is represented by a function symbol, also defined by rewrite rules.
For instance, we can add the following rules, where we sugar subst([a]M, N) to M{a3 N}, to propagate
substitutions avoiding capture:

(ovar) afa X} - X
(oe) a#ty C¥{aB X} - Y
(Gapp) app(X,X5{aBY} - app(X{aBY} XHaBY})

(6,) b#Y CIAPX){asY} - Ab)(x{adY})

We refer to [[7] for more examples of nominal rewriting rules.

A step of nominal rewriting involves matching modulo o-equivalence, which is decidable [21]. For
arbitrary NRSs, checking whether there is a rule that can be applied to a given term is an NP-complete
problem in general [3]. However, if we only use closed rules, nominal matching is sufficient, and can
be implemented in linear time and space [2]. Closed rules are, roughly speaking, rules that preserve
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4 Closed nominal rewriting: properties and applications

abstracted atoms during reductions (as in the examples above); all atoms occur under abstractions in
closed rules. CRSs, ERSs, and HRSs impose similar conditions on rules, by definition (ERSs impose a
condition on matching substitutions, which corresponds to our notion of closed rules). We refer to [9]
for an encoding of CRSs using closed nominal rules.

In addition to efficient matching, closed NRSs inherit other good properties of first-order rewriting:
for instance, we have a critical pair lemma (see [7]) which can be used to derive confluence of terminat-
ing systems. Confluent and terminating NRSs with closed rules have a decidable equational theory [8]
(see [11, 4] for definitions and examples of nominal equational theories). In other words, if a nominal
equational theory can be represented by a confluent and terminating closed NRSs, then equality in the
theory can be decided by rewriting. However, confluence and termination are both undecidable proper-
ties. Sufficient conditions for confluence are given in [7]. Recently, we have also shown that standard
orderings used to check termination of first-order rewriting systems, such as the recursive path ordering
(rpo) [5], can be generalised to deal with nominal terms and a-equivalence [10]. The nominal recursive
path ordering inherits the properties of the rpo, and can be used to check termination of NRSs. Using
this result, we have designed a completion procedure a la Knuth and Bendix [15] for closed NRSs.

The principle behind completion is that if a given equational theory is presented by a terminating
but not confluent rewrite system, then we can try to transform it into a confluent one by computing its
critical pairs and adding rules to join them, preserving termination (but completion may fail, or may not
terminate). Completion has been generalised to systems that use higher-order functions but no binders,
i.e. with a first-order syntax [16]. In the case of higher-order rewriting systems, not only we need an
ordering that can deal with terms including binders, but also, after computing a critical pair, we need
to be able to add the corresponding rules if the pair is not joinable. Adding these rules may not always
possible, as mentioned in [18], due to the syntactic or type restrictions used in higher-order rewriting
formalisms. So far, no completion procedures are available for CRSs, ERSs or HRSs. However, NRSs
do not rely on a typed language as HRSs, and do not impose the syntactic restrictions that ERSs and
CRSs impose. A completion procedure can indeed be defined for NRSs when the rules are closed. This
result opens the way for the development of tools for automated reasoning in equational theories that
include binders.
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Equivalence of Algebraic A-calculi
— extended abstract=

Alejandro Diaz-Caro Simon Perdrix
LIG, Université de Grenoble, France CNRS, LIG, Université de Grenoble, France
Alejandro.Diaz-Caro@imag.fr Simon.Perdrix@imag.fr
Christine Tasson Benoit Valiron
CEA-LIST, MeASI, France LIG, Université de Grenoble, France
Christine.Tasson@cea.fr Benoit.Valiron@imag.fr

We examine the relationship between the algebraic A-calculus (Ayg) [9] a fragment of the differen-
tial A-calculus [4]; and the linear-algebraic \-calculus (N;;,) [1], a candidate A-calculus for quan-
tum computation. Both calculi are algebraic: each one is equipped with an additive and a scalar-
multiplicative structure, and the set of terms is closed under linear combinations. We answer the
conjectured question of the simulation of A, by Az, [2] and the reverse simulation of A, by Ay,.
Our proof relies on the observation that A;;, is essentially call-by-value, while A4, is call-by-name.
The former simulation uses the standard notion of thunks, while the latter is based on an algebraic
extension of the continuation passing style. This result is a step towards an extension of call-by-value
/ call-by-name duality to algebraic A-calculi.

1 Introduction

Context. Two algebraic versions of the A-calculus arise independently in distinct contexts: the algebraic
A-calculus (A,;e) and the linear algebraic A -calculus (A;,). The former has been introduced in the context
of linear logic as a fragment of the differential A-calculus. The latter has been introduced as a candidate
A-calculus for quantum computation: in A, a linear combination of terms reflects the phenomenon of
superposition, i.e. the capability for a quantum system to be in two or more states at the same time.

Linearity of functions and arguments. In both languages, functions which are linear combinations of
terms are interpreted pointwise: (a.f +B.g2) x = a.(f) x+B.(g) x, where “.” is the external product.
The two languages differ on the treatment of the arguments. In Ay, any function is considered as a
linear map: (f) (a.x+B.y) — 5p.(f) x+B.(f) y, reflecting the fact that any quantum evolution is
a linear map; while Ay, has a call-by-name evolution: (AxM) N -, M[x := N], without restriction
on N. As a consequence, the evolutions are different as illustrated by the following example. In A,
Ax(x) x) (0.y+B.2) - Ep.(v) y+B.(2) zwhile in Ayg, Ax(x) x) (a.y+B.2) -, (a.y+B.2) (a.y+
B.2) =, a?.(y) y+ (aB).() z+ (Ba).(z) y+B2.(2) 2.

Simulations. These two languages behave in different manner. An essential question is whether they
would nonetheless be equivalent (and in which manner). Indeed, a positive answer would link two
distinct research areas and unify works done in linear logic and works on quantum computation. It has
been conjectured [2] that A, simulates A,;,. Our contribution is to prove it formally (Section and
to provide also the other way around proof of A, simulating A, (Section . The first simulation

LA full version of this paper with all the proofs is available in the arXiv
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uses the encoding, known as “thunk” in the folklore [€], which is based on “freezing” the evaluation
of arguments by systematically encapsulating them into abstractions (that is, making them into values).
It has been extensively studied in the case of the regular, untyped lambda-calculus [5]. The other way
around is based on an algebraic extension of continuation passing style encoding [8].

Modifications to the original calculi. In this paper we slightly modify the two languages. The unique
modification to A, consists in avoiding reduction under A, so that for any M, AxM is a value. As a
consequence, A is not linear: Ax(a.M +[3.N) B a.AxN+B.AxN. In Aj;,, we restrict the application
of several rewriting rules in order to make the rules more coherent with a call-by-value leftmost-redex
evaluation. For instance, the rule (M +N) L - (M) L+ (N) L is restricted to the case where both M + N
and L are values.

Finally, several distinct techniques can be used to make an algebraic calculus confluent. In A,
restrictions on reduction rules are introduced, e.g. a.M +B.M - (a +B).M if M is closed normal.
In Ay, a restriction to positive scalars is proposed. Finally, one can use a typing system to guarantee
confluence. In this paper, we assume that one of these techniques — without specifying explicitly which
one — is used to make the calculi confluent.

2 Algebraic A-calculi

The languages A, and A, share the same syntax, defined as follows:

M,N,L = V|(M)N|M+N]|a.M (terms),
Uv,w == 0|B|a.B|V+W (values),
B = x|AxM (basis terms).

where a represents scalars which may themselves be defined by a term grammar, and endowed with a
term rewrite system compatible with their basic ring operations (+, ><). Formally it is captured in the
definition [, sec. 1l — def. 1] of a scalar rewrite system, but for our purpose it is sufficient to think of
them as a ring.

The main differences between the two languages are the B-reduction and the algebraic linearity of
function arguments. If U,V and W are values, and B is a basis term, the rules are defined by:

AxM)N -, M[x:=N] B
OxMYB ) M[x:=B] N
YV+W) g @)V+O)W Yy,
V) (@W) -ga()w Y
V)0 -0 Y-

In both languages, + is associative and commutative, i.e. (M+N)+L=M+(N+L)and M +N =
N+ M. Notwithstanding their different axiomatizations — one based on equations and the other one on
rewriting rules — linear combination of terms is treated in the same way: the set of terms behaves as a
module over the ring of scalar in both languages.

In Aqs, the following algebraic equality is defined

1 The reader should not be surprised by noticing that two terms that are equal under =, may reduce to terms that are not
equal any more. Indeed, it is already the case with the syntactical equality of the A-calculus.
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M+N)L =, (M)L+N)L (M) a.(B.M) =, (@xB).M (Aug)

((X M) N =, a (M) N ()\alg) (0) M =, 0 ()\alg)
0+M = M ()\alg) 1M = M ()\alg)
a.(M+N) =, A.M+a.N  (Au) oM =, 0 Maig)
a.M+ B M =, ((X + B)M O\alg) a0 =, 0 O\alg)

In the opposite, the ring structure and the linearity of functions in A;;, are provided by reduction rules.
Let U,V and W stand for valueg? the rules are defined as follows.

U)W g @)V+WV)W  (Nin) 0+M oM (Niin)
@WV)wW -ga(V)w (Niin) a.(B.M) - (axB).M (Nin)
a.(M+N) -paM+a.N (Niin) OV -0 (Niin)
aM+B.M - (a+B)M (Niin) IM oM (Niin)
aM+M o (a+1).M Niin) oM -0 Niin)
M+M o (+1).M (Niin) a0 -0 (Niin)
The context rules for both languages are
M - M" M - M" N - N© M~ M"

M)N -~ MYN  M+N-MUHN  M+N_-M+N? oM - a.m"
together with the additional context rule only for A;,
M —;M"
(VM — (V) M"

The B-reduction of A, corresponds to a call-by-name evaluation, while the B-reduction of A,
occurs only if the argument is a basis term, i.e. a variable or an abstraction. The y-rules, only available
in A, allows linearity in the arguments.

3 Simulations

3.1 Ay, simulates Ay,

We consider the following encoding () : Ase — Asin. The variables f and z are chosen fresh.

@ = 0o (D) N) = ((M)) Az(N),
B = @ f (M+N) = (M)+(N),
MxM) = Ax(M), (aM) = o.(M).

One could be tempted to prove a result in the line of M — , N implies (M) — HN). Unfortunately
this does not work. Indeed, the encoding brings “administrative” redexes, as in the following example
(where I = Axx). Although AxAy() x) I -, Ay (y) 1,

(XA () %) 1) = AxAy (0) 1) Az () 1)) AzAx(x) ) = Ay (0) 1) AzAzAx(x) 1) £),
AyO) 1) =Ay(() /) AzAx(x) f)
are not equal: there is an “administrative” redex hidden in the first expression. This redex does not bring
any information, it is only brought by the encoding.
In order to clear these redexes, we define the map Admin as follows.

ZNotice that in A;;, a value is not necessarily in normal form. For instance the value Axx + Axx reduces to 2.Axx. The
reductions of values result solely from the ring structure, and all values are normalizing terms.
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Admin0 = 0, AdminA\xM = AxAdminM,
Adminx = x, AdminM+N = AdminM +AdminN,
Admin(AfM) f = AdminM, Admina.M = o.AdminM.

Admin(M) N = (AdminM) AdminN,

Theorem 3.1 For any program (i.e. closed term) M, if M — , N and (N)) - gffor a value 'V, then there
exists M such that (M) - 5MPand AdminM"= AdminV .

Proof Proof by induction on the derivation of M - , N. 1

Lemma 3.2 If W is a value and M a term such that AdminW = AdminM, then there exists a value V
such that M - g/' and AdminW = AdminV.

Lemma 3.3 IfV is a closed value, then (V) is a value.

Theorem 3.4 (Simulation) For any program (i.e. closed term) M, if M — .V a value, then there exists
a value W such that (M) — 5V and AdminW = Admin (V).

Proof The proof is done by induction on the size of the sequence of reductions M — V. If M =V, this is
trivially true by choosing W = (V)), which is a value since V is closed, by Lemma([3.3] Now, suppose the
result true for the reduction N — - and suppose that M -, N. By induction hypothesis, (V) — EW for
some value W such that AdminW = Admin (V). From Theorem 3.1} there exists M“such that (M) — "
and Admin M"= AdminW. From Lemma [3.2] without loss of generality we can choose this M"to be a
value W This closes the proof of the theorem: we have indeed the equality AdminW"= Admin (V). [

3.2 Ay, simulates Ay,

To prove the simulation of A, with A,;, we use the following encoding. This is an algebraic extension
of the continuation passing style used to prove that call-by-name simulates call-by-value in the regular
A-calculus [8].

Let [-] : Aiin — Aasg be the following encoding. The variables f,g and / are chosen fresh.

[x] = AF ()« [M)N] = Nf([M]) Ag(IN]) AR ((3) h) f:
[o] = 0, [o.M] = Af(a.[M]) f,
[AxM] = Af(f) Ax[M], [M+N] = Af([M]+[N]) f.
Let W be the encoding for values defined by:
YY) = x Y(@.V) = a.¥y),
Y@O0) =0 YWV+W) = PV)+¥W).

Y(AxM) = Ax[M],
Using this encoding, it is possible to prove that A, simulates A;;, for any program reducing to a value:

Theorem 3.5 (Simulation) For any program M, if M — =V where V is a value, then
M] (Axx) - ).

Thanks to the subtle modifications done to the original algebraic calculi (presented in the introduc-
tion), the proof in [8] can easily be extended to the algebraic case. We first define a convenient infix
operation (:) that captures the behaviour of the translated terms. For example, if B is a base term, i.e. a
variable or an abstraction, then its translation into A, is [B] B A f (f) W(B). If we apply this translated
term to a certain K, we obtain A f (f) ¥(B) K - , K ¥(B). We capture this by defining B : K = K ¥(B).
In general, M : K is the reduction of the A,;, term [M] K, as Lemma 3.7|states.
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Definition 3.6 Ler (1) 1 Ay, XAy, Ay, be the infix binary operation defined as follows:

alg

B: K = (K) ¥(B) (with B a base term),
(MY)N:K=M:Ag([N]) Ar((g) h) K (with M not a value),
MYN:K=N:AfF(¥M) HK (with M, but not N, being a value),
M)N:.K=({(¥YM)) Y(N)) K (with M a value, and N a base term),
(M) (N1 +Nz) : K= (M) Ny + (M) N2) : K (with M and N1 + Ny values),

M) (@.N):K=a.(M)N:K (with M and O.N values),
M)0:K=0 (with M a value),

(M+N):K=M:.K+N:K,
a.M:K=a.(M:K),
0:K=0.

Lemma 3.7 IfK is a value, then (M, [M]|K - M : K.
Lemma 3.8 IfM — (N then [Klvalue, M : K - N K

The proof of the Theorem [3.5]is now stated as follows.

Proof of Theorem[3.5] From Lemma|[3.7] [M] (Axx) reduces to M : (Axx). From Lemma|[3.8] it reduces
to V : (Axx). We now proceed by structural induction on V.

e LetV be a base term. ThenV : (Axx) = (Axx) ¥ (V) - ¥(V).

e LetV=Vi+V,. ThenV : (Axx) =V1: (Axx)+V,: (Axx), which by the induction hypothesis,
reduces to W (V1) + ¥ (V2) = ¥(V).

e LetV=a.VY Then V : (Axx) = a.(V": (Axx)), which by the induction hypothesis, reduces to
a.P(VhH=w().
1

4 Conclusion and perspectives

In this paper we proved the conjectured [2] simulation of A,;, by A;;, and its inverse, on valid programs
(that is, programs reducing to values), answering an open question about the equivalence of the algebraic
A-calculus (A4,) [9] and the linear-algebraic A-calculus (A;;,) [1].

As already shown by Plotkin [8], if the simulation of call-by-value by call-by-name is sound, it fails
to be complete for general (possibly non-terminating) programs. To make it complete, a known solution
is to consider the problem from the point of view of Moggi’s computational calculus [7]. A direction
for study is to consider an algebraic computational A-calculus instead of a general algebraic A-calculus.
This raises the question of finding a correct notion of monad for capturing both algebraicity and non-
termination in the context of higher-order structures. Another direction of study is the relation between
the simulation of call-by-name by call-by-value using thunks and the CPS encoding. A first direction of
study is [5]

Concerning semantics, the algebraic A -calculus admits finiteness spaces as a model [3]. What is the
structure of the model of the linear algebraic A-calculus induced by the continuation-passing style trans-
lation in finiteness spaces? The algebraic lambda-calculus can be equipped with a differential operator.
What is the corresponding operator in A;;, through the translation?
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Uncurrying for Innermost Termination and Derivational
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In this paper we investigate the uncurrying transformation from (Hirokawa et al., 2008) for innermost
termination and derivational complexity.

1 Introduction

Proving termination of first-order applicative term rewrite systems is challenging since the rules lack
sufficient structure. But these systems are important since they provide a natural framework for modeling
higher-order aspects found in functional programming languages some of which (e.g., OCaml) have an
eager evaluation strategy. Since proving termination is easier for innermost than for full rewriting we
lift some of the recent results from [2] from full to innermost termination. For the properties that do not
transfer to the innermost setting we provide counterexamples. Furthermore we show that the uncurrying
transformation is suitable for (innermost) derivational complexity analysis.

The remainder of this paper is organised as follows. After recalling the uncurrying transformation
from [2] in Section 2 we show that it preserves innermost nontermination (but not innermost termination)
in Section 3. In Section 4 we show that it preserves polynomial complexities of programs.

2 Uncurrying

We assume familiarity with term rewriting [1, 7]. This section recalls definitions and results from [2].
An applicative term rewrite system (ATRS for short) is a TRS over a signature that consists of constants
and a single binary function symbol called application denoted by the infix and left-associative symbol
. In examples we often use juxtaposition instead of . Every ordinary TRS can be transformed into
an ATRS by currying. Let F be a signature. The currying system C(F) consists of the rewrite rules
fier(z1,...,zi,y) - fi(z,...,xi) oy for every n-ary function symbol f [CFland every 0 [ n. Here
fn = f and, for every 0 [i & n, fj is a fresh function symbol of arity 7. The currying system C(F) is
confluent and terminating. Hence every term ¢ has a unique normal form ¢i¢(y. For instance, f(a,b)
is transformed into fab. Let R be a TRS over the signature F. The curried system Ry is the
ATRS consisting of the rules I gy — ric(e) forevery I — r LRI The signature of Ry contains the
application symbol - and a constant fy for every function symbol f [Fl In the following we write R
for Ri¢(ey whenever F can be inferred from the context or is irrelevant. Moreover, we write f for fo.
Next we recall the uncurrying transformation from [2]. Let R be an ATRS over a signature F. The
applicative arity aa(f) of a constant f [CH is defined as the maximum n such that fetyo---otn is
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a subterm in the left- or right-hand side of a rule in R. This notion is extended to terms as follows:
aa(t) = aa(f) if ¢t is a constant f and aa(t1) — 1 if £ = t1 = t,. Note that aa(¢) is undefined if the head
symbol of ¢ is a variable. The uncurrying system U (F) consists of the rewrite rules fi(x1,...,zi) ey —
fiw1(z1,...,zi,y) for every constant f [Fland every 0 i< aa(f). Here fo = f and, for every ¢ > 0, f;
is a fresh function symbol of arity 7. We say that R is left head variable free if aa(t) is defined for every
non-variable subterm ¢ of a left-hand side of a rule in R. This means that no subterm of a left-hand side
in R is of the form ¢, = t, where ¢1 is a variable. The uncurrying system U (F), or simply U, is confluent
and terminating. Hence every term ¢ has a unique normal form ¢1,. The uncurried system Ry, is the
TRS consisting of the rules 1, — 1 forevery I — r [CR. However the rules of R{, are not enough
to simulate an arbitrary rewrite sequence in R. The natural idea is now to add U(F). In the following
we write U™(R, F) for Riy ey CU(F). If F can be inferred from the context or is irrelevant, U*(R, F)
is abbreviated to U*(R).

Let R be a left head variable free ATRS. The n-saturated ATRS Ry, is the smallest extension of R
suchthatl/-z — rex Rl whenever! - r [ Rl andaa(l) > 0. Here x is a variable that does not appear
inl - r. For a term ¢ over the signature of the TRS U*(R), we denote by ¢!|.othe result of identifying
different function symbols in ¢! that originate from the same function symbol in F. The notation .o
is extended to TRSs and substitutions in the obvious way. For a substitution o, we write o1, for the
substitution {x B o(z)!y | * C\J}. Next we recall some results from [2].

Lemma 1. Let o be a substitution. If ¢ is head variable free then t1yo iy = (to)!y. O]

Lemma 2. Let R be a left head variable free ATRS. If s and ¢ are terms over the signature of U*(R)
then (1) s - Ry, tifandonlyif sico >R ticoand (2) s -y t implies sico=tlco O

Theorem 3. A left head variable free ATRS R is terminating if and only if U*(Ry) is terminating.  [J

3 Innermost Uncurrying

Before showing that our transformation reflects innermost termination we show that it does not preserve
innermost termination.

Example 4. Consider the ATRS R = {f = - fz,f — g}. In an innermost sequence the first rule is
never applied and hence R is innermost terminating. We have U*(Ry) = {f1(z) - fi(x),f - 9,f1(z) -
geox,fox - fi(x)} which is not innermost terminating due to the rule fi(x) - fi(x).

The next example shows that s I, g t does not imply sty > J+(Rn) tly. Thisis not a counterexample
to soundness of uncurrying for innermost termination, but it shows that the proof for the “if-direction”
of Theorem 3 (see [2] for details) cannot be adopted for the innermost case without further ado.

Example 5. Considerthe ATRSR={f - g,a - b,g z » h}andthe innermost step s =f a R ga=t.
We have sty =feaandtiy =gi(a). Inthe TRSU*(Ry) ={f - g,a - b,01(z) - h,gez - gi(x)}
we have sly - U*(Ry) 9°abut the step from geato ¢4y is not innermost.

The above problems can be solved if we consider terms that are not completely uncurried. The next
two lemmata prepare for our proof. Below we write s [ZiF ¢ is a proper subterm of s.

Lemma 6. Let R be a left head variable free ATRS. If s is a term over the signature of R, s [NF(R),
and s - ¥ then t CNF(Rp1y). O

Lemma7. -5} COTES [ O

Lemma 8. For every left head variable free ATRS R the inclusion j- - % &/ I:_iZIJ+(Rn) - G+ holds.
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Proof. We prove that s .. riyoty (- ro whenever s L o % &lro for some rewrite rule I — r
in R. By Lemma 1 and the confluence of U, s & [ (la) 1y = liyaty ~UHRy) Thuo by G+ To. It
remains to show that the sequence s 5 j{lo) 1, and the step L1 o1y — U*(Ry) Tlu oty are innermost
with respect to U*(Ry). For the former, let s & [C[u] 5y CuY 5 5Hio) 1y with w 5 [Puand let ¢
be a proper subterm of u. Obviously lo - UDC[u] [£1According to Lemma 7, lo III-»UDt for some
term v. Since lo 5 r o, the term v is a normal form of R. Hence ¢t [CNF(Ry ) by Lemma 6. Since
u L UE'uD, t is also a normal form of U. Hence ¢t CNF(U*(Ry)) as desired. For the latter, let ¢ be a proper
subterm of (lo)1y. According to Lemma 7, lo Cul- S+ The term « is a normal form of R. Hence
t [NF(Ry!iy) by Lemma 6. Obviously, ¢ [NF(U) and thus also ¢ [CNF(U*(Ry)). O

The next example shows that for Lemma 8 the R-step must take place at the root position.
Example9. fR={f - g,fx - g z,a - b} thenfi(a) UE!_ fea LR geabutfy(a) E'LJ+(RH) - UE!_ gea.
In order to extend Lemma 8 to non-root positions, we have to use rightmost innermost step % . This
avoids the situation in the above example where parallel redexes become nested by uncurrying.
Lemma 10. For every left head variable free ATRS R the inclusion {1 - % g [=I. - (7 holds.

Proof. Let s [+ t = C[lo] L r Clro] = u with [0 % F'ro. We use induction on C. If C' = [fhkn
s+t 55w Lemma8yields s S*(Rn) - 5+ u. For the induction step we consider two cases.

= Suppose C' = [=d;o---2snand n > 0. Since R is left head variable free, aa(l) is defined. If
aa(l) = 0 then s = ¢t 1D°---°erH|J:|<— loosiorosy SRrTOeSs1° - ° 5y With tDLIJ:!— lo and
stl‘J:!— sj for 1 7l The claim follows using Lemma 8 and the fact that innermost rewriting
is closed under contexts. If aa(l) > 0 then the head symbol of [ cannot be a variable. We have
to consider two cases. In the case where the leftmost = symbol in C has not been uncurried
we proceed as when aa(l) = 0. If the leftmost = symbol of C has been uncurried, we reason as
follows. We may write lo = fouge---oux where k < aa(f). We have t = fougo---ouge
s1e-respand u =roesyo---°sn. There exists an ¢ with 1 [Z T min{aa(f), k +n} such that
s= fi(ulm,...,uE,sl'],...,siD_k) ° siD_k+1 oo s with uij:!— uj for 1 [k Bnd stLIJ:!— sj for
1 [71nl Because of rightmost innermost rewriting, the terms w1, ..., uk, s1,-.., Sn are normal
forms of R. According to Lemma 6 the terms uf} ..., ug, so. .., sy are normal forms of Ry 1y,.
Since i —k L[aall), Ry containstherule lexq o e xj—i - roxie--oxj— Where zy,. .., zj—g are
pairwise distinct variables not occurring in [. Hence the substitution 7 = o [{ah B s1,...,zj—k B
si—k} is well-defined. We obtain

I 2 . O O
S —>U+(Rn) f|(U]_lu,...,UKlu,Sllu,...7S|_klu)°3i_k+1°"'°Sn
i O O
= U*(Rp) (T’oxlo"'oxi_k)luTlU°Si_k+1°"'°Sn
llJ:L (roxlo"'oxi—k)TOSi—k+1°"'°3n = roesye:resp =t

where we use the confluence of U in the first sequence.

« In the second case we have C = s; = CT Clearly Cflo] % g C'fro]. If aa(sy) CObr if aa(s1)
is undefined or if aa(s1) > 0 and the outermost = has not been uncurried in the sequence from ¢
to s then s = sfle sH5L 510 CHlo] SR s1°Clfro] = uw with sP 5+ s1 and 55+ CHlo]. If
aa(s1) > 0 and the outermost = has been uncurried in the sequence from ¢ to s then we may write
s1= fouge - °w where k <aa(f). We have s = firr(up)..., uy, s for some term sPwith
sHiE CHlo] and uf+ wi for 1 LI EIn both cases the induction hypothesis yields s2- J+(Rn)
. UE!_ C'Tro] and, since innermost rewriting is closed under contexts, we obtain s IR G+(Rn) . UC!_ U
as desired.
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By Lemma 10 and the equivalence of rightmost innermost and innermost termination [6] we obtain
the main result of this section.

Theorem 11. A left head variable free ATRS R is innermost terminating if U*(Rp) is. O

4 Derivational Complexity

Hofbauer and Lautemann [4] introduced the concept of derivational complexity for terminating TRSs.
The idea is to measure the maximal length of rewrite sequences (derivations) depending on the size
of the starting term. Formally, the derivation length of ¢ (with respect to - ) is defined as dI(¢, ») =
max{m [NI|¢ - ™« for some v}. The derivational complexity dcr(n) of a TRS R is then defined
as dcr(n) = max{dl(t, - r) | |t| L} where |t| denotes the size of ¢. Similarly we define idcr(n) =
max{dl(t, > r) | |[t| Cx}. Since we regard only finite TRSs, these functions are well-defined only when
R is (innermost) terminating. If dcg(n) is bounded by a linear, quadratic, cubic, ... polynomial, R is
said to have linear, quadratic, cubic ... (or polynomial) derivational complexity. A similar definition
applies for idcr (n).

4.1 Full Rewriting

It is sound to use uncurrying as a preprocessor for proofs of derivational complexity:

Theorem 12. Let R be a left head variable free and terminating ATRS. Then dcg(n) Ldd;+Rr)(n) for
alln

Proof. Consider an arbitrary maximal rewrite sequence {9 »r t1 >R t2 >R -+ =R tm Which we
H + + + + H

can trans_forn? into the sequence ¢p!y ~ U (Ry) t1ly ~ U (Ry) taly — Ry 7 UHRy) tmly just as

the “if-direction” of the proof of Theorem 3 (see [2]). Moreover, tg = U*(Ry) toly holds. Therefore,

dl(to, - r) Ldllto, —»y+(r,))- Hence decr(n) Lddy+r,)(n) holds forall n [Nl O

Next we show that uncurrying preserves polynomial complexities. Hence we disregard duplicating
(exponential complexity, cf. [3]) and empty (constant complexity) ATRSs. A TRS R is called length-
reducing if R is non-duplicating and || > |r| for all rules [ — r [CR. The following lemma is an easy
consequence of [3, Theorem 23]. Here — /g denotes -~ 5 — g+ -

Lemma 13. Let R be a non-empty non-duplicating TRS over a signature containing at least one symbol

of arity at least two and let S be a length-reducing TRS. If R [Slis terminating then dcg s{n) [1

O(deryss(n)). O
Note that the above lemma does not hold if the TRS R is empty.

Theorem 14. Let R be a non-empty, non-duplicating, left head variable free, and terminating ATRS. If
dcr(n) is in O(n¥) then deg,,, ,u(n) and dey+ (g, (n) are in O(n¥).

Proof. Let dcgr(n) be in O(n¥) and consider a maximal rewrite sequence of - Ryly/u from a term
tol t0 > Ry1u/U 1 2 Ry1G/U T 2 Ry1y/U tme By Lemma 2 (2) we obtain the sequence Zolco » R
t1lco-R " =R tmico Thus, di(to, - Rnlu/U) [dl{to!cn » r)- Because |tolcd [2JHg| holds, we ob-
tain der,,,,u(n) [ddr(2n). From the assumption the right-hand side is in O(n¥), hence der, 1, /u(n)
is in O(nX). Because U is length-reducing, dey+r,)(n) is also in O(nX), by Lemma 13. O
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In practice it is recommendable to investigate dcg,,,, sy (n) instead of dcy+r,)(n), see [8]. The next
example shows that uncurrying might be useful to enable criteria for polynomial complexity.
Example 15. Consider the ATRS R ={add 2z 0 - z,addx (sy) — s(add = y)}. It is easy to see
that there exists a triangular matrix interpretation of dimension 2 that orients all rules in U*(Ry) strictly,
inducing quadratic derivational complexity of U*(Ry) (see [5]) and by Theorem 12 also of R. In contrast,
the rule add = (s ) — s (add z y) does not admit such an interpretation of dimension 2. To see this we
encoded the required condition as a satisfaction problem in non-linear arithmetic constraint over the
integers. MiniSmt! can prove this problem unsatisfiable.

4.2 Innermost Rewriting

Next we consider innermost derivational complexity. Let R be an innermost terminating TRS. From a
result by Krishna Rao [6, Section 5.1] we infer that dI(¢, > r) = dI(¢, 5 r) holds for all terms ¢.

Theorem 16. Let R be a left head variable free and innermost terminating ATRS. We have idcg(n) [
idcy+(Rr,,)(n) for all n [N

Proof. Consider a maximal rightmost innermost rewrite sequence to ﬂR 121 iR to L‘,R L‘,R tm.
. : i+ i + O

Using Lemma 10 we obtain a sequence g —’u+(R )t U+(R )t2 SUHRY) T UHR, y tm for terms

tot5) ... te such that ¢ — ¥Hforall 1 [T ml Thus di(te, > Rr) = dl(tg, 2 r) [Cdllto, *U+(Rn))

Hence, we conclude idcg (n) m]:w(Rn)(n)

As Example 4 shows, uncurrying does not preserve innermost termination. Similarly, it does not
preserve polynomial complexities even if the original ATRS has linear innermost derivational complexity.
Example 17. Consider the non-duplicating ATRS R = {f - s,f (sx) - s (s (f x))}. Since the sec-
ond rule is never used in innermost rewriting, idcg(n) [nlis easily shown by induction on n. We
show that the innermost derivational complexity of U*(Ry) is at least exponential. We have U*(Rp) =
{f - s,fi(s51(2)) - su(s1(fr(2))),feox - fi(z),fi(x) - si(x),s°x - si(x)} and one can verify that
dI(f{' (s1(x)), —I’U*(Rn)) 2 for all n CTIHence, idcy+(r,)(n+3) C2Z forall n [0
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We provide a strong normalization result for MLF, a type system generalizing ML with first-
class polymorphism as in system F. The proof is achieved by translating MLF into a calculus
of coercions, and showing that this calculus is a decorated version of system F. Simulation
results then entail strong normalization from the same property of system F.

Introduction. MLF [3] is a type system for (extensions of) A-calculus which enriches ML with
the first class polymorphism of system F, providing a partial type annotation mechanism with an
automatic type reconstructor. In this extension we can write programs that cannot be written in
ML, while still being conservative: ML programs still typecheck without needing any annotation.
An important feature are principal type schemata, lacking in system F, which are obtained by
employing a downward bounded quantification [(d@ = o)t, the so-called fiexible quantifier. This
type says that T may be instantiated to any 1{c7a}, provided that s an instantiation of G.

As already pointed out, system F is contained in MLF. It is not yet known, but it is con-
jectured [3], that the inclusion is strict. This makes the question of strong normalization (SN,
i.e. whether A-terms typed in MLF always terminate) a non-trivial one. In this paper we answer
positively to the question. The result is proved via a suitable simulation in system F, with
additional structure dealing with the complex type instantiations possible in MLF.

Our starting point is xMLF [5], the Church version of MLF: here type inference (and the
rigid quantifier [{(d@ = o)t we did not mention) is omitted, with the aim of providing an internal
language to which a compiler might map the surface language briefly presented above (denoted
eMLF from now mﬂ). Compared to Church-style system F, the type reduction —, of xMLF is
more complex, and may a priori cause unexpected glitches: it could cause non-termination, or
block the reduction of a B-redex. To prove that none of this happens, we use as target language
of our translation a decoration of system F, the coercion calculus, which in our opinion has its
own interest. Indeed, XML has syntactic entities (the instantiations ¢) which testify an instance
relation between types, and it is not hard to regard them as coercions. The delicate point is
that some of these instantiations (the “abstractions” !a) behave in fact as variables, abstracted
when introducing a bounded quantifier. In fact, for all the choices of a, [(d = o)t expects a
coercion from ¢ to q.

A question that arises naturally is: what does it mean to be a coercion in this context? Our
answer, which works for xMLF, is in the form of a type system (Figure 2). In section 2| we will
show the good properties enjoyed by coercion calculus. The generality of coercion calculus allows

tSupported by Digiteo project COLLODI (2009-28HD).
TSupported by ANR project COMPLICE (ANR-08-BLANC-0211-01).
IThere is also a completely annotation-free version, iMLF, clearly at the cost of loosing type inference.
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Syntactic definitions

0,T “=alo - 1| @ =o0)t (types)
o0 =1|la|ZEe)| M@= |&|D|0;P |1 (instantiations)
a,b,c:=x|A(x:Dalab|AN(a=T1)a]ag | letx=ainb (terms)
A =0|la=t|lMXx:t (environments)
Reduction rules
A(x:1)a)b - a{x/b} a® -, N(a= Dal] o I1v(r) al -, a
letx=bina - a{x/b} Na=1)a)& -, a{l/la}{t/a} a(o;y) -, (ap)y

Aa=z1)a) (@ =2)9) - Aa=1)(a9) (NMa=1)a)(LZ0)) ~ Na=19)a{g;!a/la}

Figure 1: Syntactic definitions and reduction rules of xMLF.

then to lift these results to xMLF via a translation (section 3). The main idea of the translation
is the same as the one shown for eMLF in [4], where however no dynamic property was provided.
Here we finally produce a proof of SN for all versions of MLF. Moreover the bisimulation result
for xMLF establishes once and for all that xMLF can be used as an internal language for eMLF,
as the additional type structure cannot block reductions of programs in eMLF.

1 A short introduction to xMLF

The syntactic entities of xMLF are presented in Intuitively, CEHdla and [(d = o)t
restricts the variable a to range over instances of o only. Instantiations{'f] generalize system F’s
type application, by providing a way to instantiate from one type to another. A let construct
is added mainly to accommodate the type reconstructor of eMLF; apart from type inference
purposes, one could assume (letx=ainb) = (A(x: g)b)a, with o the correct type of a. Apart
from the usual variable assignments x : T, environments also contain type variable assignments
a =1, which are abstracted by the type abstraction A(a = 1)a.

Typing judgments are of the usual form I' [at o for terms, and I' [qQl: 0 < T for instantiations.
The latter means that ¢ can take a term a of type o to ag of type 1. For the sake of space,
we will not present here the typing rules of instantiations and terms, for which we refer to [5],
along with a more detailed discussion about xML". Reduction rules are divided into —p (regular
B-reductions) and -, reducing instantiations. The type 19 is given by an inductive definition
(which we will not give here) which computes the unique type such that I' Cql: T < 19, if ¢
typechecks. We recall (from [9]) that both - and -, enjoy subject reduction. Moreover, we
denote by [al the type erasure that ignores all type and instantiation annotations and maps
XMLF terms to ordinary A-terms (with let).

2 The coercion calculus

The syntax, the type system and the reduction rules of the coercion calculus are introduced in
[Figure 2 The notion of coercion is captured by the type T [_a:khe use of linear logic’s linear
implication for the type of coercions is not casual. Indeed the typing system is a fragment of

2We follow the original notation of [5]; in particular it must be underlined that %® and & have no relation
whatsoever with linear logic’s par and with connectives.
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Syntactic definitions
0,T:=0a|0 > T|K > 1| [alt (types) INA:=0|I,x:1]|lx:0 [Ca_Xenvironments)

K =0 11 (coercion types) L :=0]|x:T (linear environments)
¢ =T1|K (type expressions) [;[alo (term judgements)
a,b :==x|Ax.a|Ax.a|ab|alhl|aLlhl(terms) TI;[alk (coercion judgements)
u,v =AxalAx.u|x [ (c-values) T;z:t [@Alo (linear judgements)
Typing rules
r(y) =ZA MnrCako -t ;LA O rop L A& [alo s
mog M Cab:t ML Cako{t7a}
M Cakt F,x:T;EEI:oL Mx:t;[@ko Ans mLako o FAv;L)
I CIktx=ainb:o BT MmMCAk.a: 1T - o . L Cal [ado GEN
Mz:t@o I Cal o Cazl I L Chlo;
Mzt IIITLAX M CAwa:t I_—cr_LIABS ;L Al o, LArp
Nx:k;L [ako CAns NLlalk - o F;IZEI:KCA
NLCAka:K - 0 . ;L [&lth: o o

Reduction rules
(Ax.a)b - a{b/x}, letx=bina - a{b/x},
(Ax.a) D¢ af{b/x}, (Ax.a)[M-ca{b/x}, (Ax.u) D u{b/x}, (Ax.a) -, af{u/x}.

Figure 2: Syntactic definitions, typing and reduction rules of the coercion calculus.

DILL, the dual intuitionistic linear logic [I]. This captures an aspect of coercions: they consume
their argument without erasing it (as they must preserve it) nor duplicate it (as there is no true
computation, just a type recasting). Environments are of shape I';L, where I is a map from
variables to type expressionﬂ and L is the linear part of the environment, containing (contrary
to DILL) at most one assignment.

Reductions are divided into - (the actual computation) and - ¢ (the coercion reduction),
having a subreduction - ¢, which intuitively is just enough to unlock [3-redexes, and is needed
for We start from the basic properties of the coercion calculus. As usual, the
following result is achieved with weakening and substitution lemmas.

Theorem 1 (Subject reduction). I';L [al ¢ and a -pc b entail I';L [l C.

The coercion calculus can be seen as a decoration of Curry-style system F. The latter can
be recovered by just collapsing the constructs LAl [dnd o their regular counterparts, via
the decoration erasure defined as follows.

laj:=a, | - 1]:=[¢] - [tl, |o k(o] - [T, Tl :=1FWIL IGza:=(rz:
X| :=x%, |Ax.a]=|Ax.a|:=Ax.a], [letx=ainb|=(Ax.|b])|a], |a[k]=|alb]=ab|:=|allb].

It is possible to prove that I';L @l ¢ implies that |I";L| (&L |{] in system F. From this, and the
SN of system F [2], Sec. 14.3] it follows that the coercion calculus is SN. Confluence of reductions
can be proved by standard Tait-Martin Lof’s technique of parallel reductions. Summarizing, the
following theorem holds.

3Notice the restriction to 0 [0 Ibr coercion variables. relies on this restriction (d = Ax.(x [A])d :
(o0 (@} o)) - 0, with 6 =Ay.yy:0, [ =39 is a counterexample), but the preceding results do not.
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Types and contexts
a®:=a, (c-1):=0">T1", x:1)" =x:17,
3 [dla, (d =zo0)1)":=Mal(c” Ca)l T°, (a=1)" :=vy: 1" Cald
Instantiations
T :=AXX, (@) =AXAvVeX, (0;0) :=Az.0° [{@° [Z), (&) :=Axx[Azz, (1) :=Azz,
(la)”:==va,  (HZ0))" :=AxAVax [AzVe [(H° [2)),  (Hd =2)9)" := AXAVa.0° LG D).

Terms
X=X, A(x:1)a)’ :=Ax.a", (ab)° :=a’b",
(letx=ainb)’ :=letx=a"inb°, (AMa =1)a)” ;= Avg.a°, (ag)” :=¢" [ar.

Figure 3: Translation of types, instantiations and terms into the coercion calculus. For every
type variable a we suppose fixed a fresh term variable vq.

Theorem 2 (Confluence and termination). All of -, —»¢, —»cv and —pc are confluent. More-
over the coercion calculus is SN.

The use of coercions is annotated at the level of terms: A is used to distinguish between
regular and coercion reduction, [Cand [Clbcate coercions without the need to carry typing infor-
mation (the triangle’s side points to the direction of the coercion). Thus, the actual semantics
of the term can be recovered via its coercion erasure:

XTE X, [A.al= Ax.[@al ] (b [@lIbhl ] [Ak.alF @L]
Metx=ainb[=F letx=[alih [bI ] [@lbl—* [al ] [@lbl3= bl

Proposition 3 (Preservation of semantics). Take a typable coercion term a. If 4B, by
a-gh (resp. a ~cb) then [@ ). DI Yresp. [@l = [BLJ] Moreover we have the | .
confluence diagram shown on the right. by B¢

The following result shows the connection between the reductions of a term and of its semantics.
Theorem 4 (Bisimulation of LI)) If I'; [a&: 0, then [@l 35 b iff a EV_’B ¢ with [cI = b.

3 The translation

A translation from xMLF terms and instantiations into the coercion calculus is given in[Figure 3|
The idea is that instantiations can be seen as coercions; thus a term starting with a type
abstraction becomes a term waiting for a coercion, and a term a¢ becomes a° coerced by ¢°.
The rest of this section is devoted to showing how this translation and the properties of the
coercion calculus lead to the main result of this work, that is SN of both xMLF and eMLF.
First one needs to show that the translation maps to well-typed terms. As expected, type
instantiations are mapped to coercions.

Proposition 5 (Soundness). For I [al o an XMLF term (resp. I [@l: 0 < T an xMLF instan-
tiation) we have I'"; @l : 0" (resp. '™, LQF :0° LT Moreover [al = [al [

The following result shows that the translation is “faithful”, in the sense that f and t steps
are mapped to B and c steps respectively: coercions do the job of instantiations, and just that.

Proposition 6 (Coercion calculus simulates xXMLF). Ifa —g b (resp. a — b) in XMLF, then

. . o F po) .
a° -g b (resp. a° - b”) in coercion calculus.
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The above already shows SN of XMLF, however in order to show that eMLF is also normalizing
we need to make sure that 1-redexes cannot block 3 ones: in other words, a bisimulation result.
The following lemma lifts to xMLF the reduction in coercion calculus that bisimulates B-steps

(Theorem 4).

Lemma 7 (Lifting). For an xMLF term a, if a° —I;é\,_.B b then a —I;.I_>B c with b —l»:(l; c’.

Theorem 8 (Bisimulation of CTfor XMLF). For a typed XML term a, we have that [l &g b
iffa 5|~ p c with [EZb.

As a corollary of the two results stated above, we get the main result of this work, proving
conclusively that all versions of MLF enjoy SN.

Theorem 9 (SN of MLF). Both eMLF and xMLF are strongly normalizing.

Further work. We were able to prove new results for MLF (namely SN and bisimulation
of xMLF with its type erasure) by employing a more general calculus of coercions. It becomes
natural then to ask whether its typing system may be a framework to study coercions in general,
like those arising in Fy or when using subtyping. The typing rules of [Figure 2| were tailored to
XxMLF, disallowing in coercions polymorphism or coercion abstraction, i.e. coercion types [alk
and K; - Ko. Removing such restrictions we could still derive the main result, even though the
proofs would be more complex.

Apart from the extensions previously mentioned, one would need a way to build coer-
cions of arrow types, which are unneeded for xMLF. Namely, given coercions c; : 0, [—ahnd
Cy : T1 [Tz dthere should be a coercion ¢; [c;1 (01 - T1) L(ad - 1), allowing a reduction
(c1 CCICAX.a - ¢ AX.co [@fcy IX¥x}. This could be achieved by introducing it as a primitive,
by translation or by special typing rules. Indeed if some sort of n-expansion would be available
while building a coercion, one could write ¢; [Ca 3= A f.AX.(c2 [(F(c1 [X))). However how to do
this without loosing bisimulation is under investigation.

Acknowledgements. We thank Didier Rémy for stimulating discussions and remarks.
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We study the common ground and differences of different frameworks for higher-order rewriting
from the viewpoint of termination by encompassing them in a generalised framework.

1 Introduction

In the past decades a lot of research has been done on termination of term rewrite systems. However,
the specialised area of higher order rewriting is sadly lagging behind. There are many reasons for this.
Primarily, the topic is relatively difficult, mostly due to the presence of the beta rule. Applications are
also not in as much abudance as with first order rewriting. A third limiting factor is the lack of a set
standard in higher order rewriting. There are several important formalisms, each dealing with the higher
order aspect in a different way, plus various variations and restrictions. Because of the differences in
what is and is not allowed, results in one formalism do not trivially, or not at all, carry over to another.
As such it is difficult to reuse results in a slightly different context, which necessitates a lot of double
work.

In this paper we present work in progress investigating the common ground and differences of various
formalisms from the viewpoint of termination. We introduce yet another formalism, but show how
the usual styles of rewriting can be represented in it. We then look into properties within the general
formalism and show which ones can always be obtained by transforming the system and which cannot.
Finally, to demonstrate that the system is not too general to work with, we extend the Computability Path
Ordering [2] to our formalism.

2 The formalism

In this section we will introduce a formalism of higher-order rewriting, called Higher Order Decidable
Rewrite Systems.

types We assume a set of base sorts B and a set of type variables A . Each (base) sort b has a fixed
arity, notation: b : n; there must be at least one sort of arity 0. A polymorphic type is an expression over
B and A built according to the following grammar:

T =alb(T"HT - T (a CA,b:n [B)

A monomorphic type does not contain type variables. A type is called composed if it is headed by the
arrow symbol. A type b() with b : 0 [CB is denoted as just b. The - associates to the right. We say
o =1 if T can be obtained from o by substituting types for type variables. For example, a = a =a -
B=N_N,butnota - a=N- R.
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(meta-)terms A metaterm is a typed expression over a set = of typed constants (also known as function
symbols) f : o and infinite set V of variables. We define the set of metaterms M together with a set V ar
of free variables for each metaterm recursively with the following rules:

(var) X1 if x V1 Var(x:) = {x}

(fun) fi:t[™M if f.o[Hando=1 Var(f)=0

(abs) Axg.Ss:0 -1 if x [V, s:1 and Var(Axg.s) =Var(s)\{xs}

Var(s) (s} UT(LDH
(app) s-t:t if sto-T1[M,t:0 Var(s-t) =V ar(s) \ar(t)
and V ar(s) LMar(t) UT

(meta) Xg[s1,...,8n] if 0=01-...0h>Tand Var(Xs[s1 sp) =
i S1: 01,.ﬂ : o and {Xs} I__El%]ar(s.
{Xs} CJVar(s)) UT

(**) A set V of typed variables is called UT, uniquely typed, if for any xo [CV1there is no x; [CM1with
oBrT.

A metaterm generated without clause (meta) is a term. We work modulo renaming of variables
bound by an abstraction operator (a-conversion). Explicit typing of terms will usually be omitted. The -
operator associates to the left, so a metaterm s-t - r should be read as (s-t) - r. We will adopt the custom
of writing a (meta-)term s-t; - - -t, in the form s(ty, ..., tn).

type substitution A type substitution is a mapping p: A — T. For any metaterm s let s be
s with all type variables a replaced by p(a). As an example, (ifq(Xpool,Ya,0q) : )0 - N} =
i Ty (Xboor , Ynv, On)-

We say s =t if there is a substitution p such that s =t'p. Given a typable expression s (that is, a
term with some type indicators omitted), it has a principal term t, which is = any term r obtained from
s by filling in type indicators. When a term is displayed with type indicators missing, we always mean
its principal term. For example, if f : a - a [CH, the principal term of f is fy_q, Whereas the principal
term of f(On) is fn_n(On).

term and metaterm substitution A (term) substitution is the homomorphic extension of a typep-
reserving mapping [X1,6, := S1,...,Xng, = Sn] With all s; terms. Substitutions for meta-applications
X[t1,...,tn] “eat” their arguments. Formally, let y be the function mapping Xi g, to si and y(x;) = X for
other typed variables. For any metaterm s, sy is generated by the following rules:

Xg¥Y =Y (Xg) for x V]

foy = fq for f [CH

(s-t)y = (sy)- (ty)

(Ax.S)y = Ax.(sy) if x Fddm(y) (we can rename x if necessary)

Xo[S1,-- . snly = aly1 :=s1Y,-. ., Ym = SmY]- (Sm+1Y) -+ (SmY)

if y(X) =Ay1...¥m-.0, m<nand m=n or q is not an abstraction.

A metaterm is standard if variables occuring at the head of a meta-application are not bound, and all free
variables occur at the head of a meta-application.

Examples: (x(Ay.y)[x := Az.z(ad)] = (Az.z(a))(Ay.y) whereas x[Ay.y][x := Az.z(a)] = (Ay.y)(Q)).
Even an empty substitution has an effect on a proper metaterm: X[AY.y][] = x(AY.y).

B andn =p isthe equivalence relation generated by (Ax.s) -t =g s[x :=t]. Every metaterm s is 3-equal
to a unique B-normal term s 1g which has no subterms (Ax.s) -t. This is a wellknown result, which is
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easily extended to HODRSs.

=y, is the equivalence relation generated by s = Ax.s-x if x F\lar(s), and X[sy ...,Sn] = AX.X[S1, ..., Sn, X].
A metaterm is in n-normal form if any higher-order subterm is either an abstraction or meta-application,
occurs at the head of an application or occurs as a direct argument of a meta-application (for example,
X[s] is n-normal if X : 0 - T with T not composed, and all direct subterms of s are n-normal). While a
term may have more than one n-normal form (f : 0 - 0 has normal forms Ax. f (x) and Ax.(AX. f(x)) - x),
we define s i\, as its minimal n-normal form.

= B n is the union of these relations. Each term has a unique 3 n-normal form.

rules A term rewrite system consists of an alphabet F, a set of rules R and an equivalence relation 9,
where & is one of B, n, Bn or normal equality € (the a rule is implicit in all). Rules are tuples (l,r)
(commonly denoted | [—r)dwhere I,r are standard metaterms satisfying the following properties: 1) |
and r have the same type, 2) all variables and typevariables in r also occur in |, 3) if | has a subterm
X[s1,...,5n] then the s; are all distinct bound variables (the parameter restriction), 4) if the equivalence
relation is either B or Bn, no subterms X[s1,...,Sn] ‘to- - -tm (N,m = 0) occur in |.
R induces a rewrite relation [g_aler terms in minimal d-normal form:
(top) Iy =5 s Criksrpy if | [T IR, patype substitution
and y a substitution

(app-1) s-t Cgstt if s CrsP
(app-r) s-t [gsit” if t il
(abs) Ax.s CrAx.sY if s Crst

The reduction relation is decidable due to the parameter restriction.

3 Pleasant properties and transformations

To prove results about HODRS:s it is often convenient to have a bit more to go on than just the general
definition. To this end we define a number of standard properties, which define common subclasses
which are relatively easy to work with.

implicit beta the equivalence relation is either 3 or fn

explicit beta the equivalence relation is either n or € but R contains the rule beta, that is: (Axq.Z[X]) -

Y LZ]N]

parameter-free in all rules, except possibly beta, any meta-applications occuring on either side have
the form X]

beta-free the system is parameter-free, does not contain beta, and its equivalence relation is either n or
€

monomorphic no rule contains type variables, except possibly beta
left-beta-normal the left-hand side of each rule (except possibly beta) is 3 -normal
right-beta-normal the right-hand side of each rule is 3 -normal

beta-normal both left-beta-normal and right-beta-normal

eta-normal both sides of all rules have n-normal form
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n" order any variable or function symbol occuring in one of the rules has a type of order at most n. A
sort-headed type b(t,...,tn) has order 0, a type 01 — ...0m — b with b not composed has order
max(order(ay),. ..,order(on))+1; we only speak of order in a monomorphic system

finite R is finite

algebraic there are no abstractions in the left-hand side of any rule
abstraction-free there are no abstractions in either side of any rule
left-linear no variable occurs twice free in a term

without head variables no left-hand side contains a subterm X][sy,...,S] -t

completely without head variables no left-hand side contains a subterm X[ss,...,sn] -t or X -t (so
bound variables may also not occur at a head).

function-headed the head of the left-hand side of each rule is a function symbol

with base rules the type of a rule may not be composed

Many of these properties can be made to hold, by transforming the system. When we are analysing
termination in specific, we can enforce the following properties without affecting either termination or
non-termination of the system:

1. any system can be made monomorphic, although at the price of finiteness
2. any system can be presented in beta-normal form

3. asystem with explicit beta can be transformed to have implicit beta

4. any algebraic system can be turned abstraction-free

5. any system has a function-headed equivalent without head variables

Moreover, a system can be turned eta-normal and with base rules without losing non-termination; if
the transformed system is terminating then so is the original. However, turning a system eta-normal may
sometimes lose termination.

4 Embedding existing systems

There are four mainstream forms of higher-order rewriting: Nipkow’s HRSs, Jouannaud and Okada’s
AFSs, Yamada’s STTRSs and Klop’s CRSs. The latter three can be embedded into HODRSs, but since
HRSs in general do not have a decidable reduction relation, they can not. However, the common restric-
tion to pattern HRSs essentially gives function-headed HODRSs with an equivalence relation fn. An
AFS is a parameter-free system with explicit beta, an STTRS is an abstraction-free, beta-free system,
and a CRS can be presented as a second-order HODRS with equivalence relation €. Several quirks need
to be ironed out (such as AFSs using function symbols with arity; a symbol f of arity n only occurs in
the form f(s1,...,Sn), and CRS terms being untyped), but this is easy to do.

5 HORPO

The recursive path ordering, a common syntactic termination method, has been extended to AFSs in a
long line of research, starting with HORPO [2] and culminating in CPO [1]. We consider the last of
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these works, CPO. The definition extends a wellfounded ordering on monomorphic function symbols to
a wellfounded ordering on terms. There are no requirements on the terms except that function symbols
have to occur with all their arguments.

We extend CPO to polymorphic metaterms by defining X[s1,...,S,] CXJ1,...,t] ifsy Ci)..., sy 1
t,; for the type ordering we just use a type ordering on monomorphic types, together with the relation
0 - 1>7 pift =7 p. To compare the possibly infinite number of function symbols, we might for
example choose a wellfounded ordering on the different symbol names, and additionally define fy [Tl
if T is a strict subtype of 0.

We can now prove that sy In Ty n if we can derive s Cf{for any type substitution p and
substitution y). As the beta rule is included in [ We also have s'py {,, CEy {g,. Since a system is
terminating if it is terminating modulo n, we only have to show that I Cxror all rules | to prove
termination of the system, whatever its modulo relation and properties are.
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The fundamental connection between logic and computation, known as the Curry-Howard corre-
spondence or formulae-as-types and proofs-as-programs paradigm, relates logical and computational
systems. We present an overview and a comparison of computational interpretations of intuitionistic and
classical logic both in natural deduction and sequent-style setting. We will further discuss and develop
a sequent term calculi with explicit control of erasure and duplication operations in the management of
resources.

Formulae-as-types, proofs-as-term, proofs-as-programs paradigm Gentzen’s natural deduction is a
well established formalism for expressing proofs. Church’s simply typed A-calculus is a core formalism
for writing programs. Simply typed A-calculus represents a computational interpretation of intuitionistic
natural deduction: formulae correspond to types, proofs to terms/programs and simplifying a proof
corresponds to executing a program. In its traditional form, terms in the A-calculus encode proofs in
intuitionistic natural deduction; from another perspective the proofs serve as typing derivations for the
terms. This correspondence was discovered in the late 1950s and early 1960s independently in logic by
Curry, later formulated by Howard; in category theory, Cartesian Closed Categories, by Lambek; and in
mechanization of mathematics, the language Automath, by de Brujin.

Griffin extended the Curry-Howard correspondence to classical logic in his seminal 1990 paper [7],
by observing that classical tautologies suggest typings for certain control operators. This initiated a
vigorous line of research: on the one hand classical calculi can be seen as pure programming languages
with explicit representations of control, while at the same time terms can be tools for extracting the
constructive content of classical proofs. The A u-calculus of Parigot [10] expresses the computational
content of classical natural deduction and has been the basis of a number of investigations into the
relationship between classical logic and theories of control in programming languages.

Computational interpretation of sequent-style logical systems has come into the picture much later,
by the end of 1990s. There were several attempts, over the years, to design a term calculus which would
embody the Curry-Howard correspondence for intuitionistic sequent logic. The first calculus accom-
plishing this task is Herbelin’s A-calculus [8]. Recent interest in the Curry-Howard correspondence for
intuitinistic sequent logic [8, [1, 5, 6] made it clear that the computational content of sequent derivations
and cut-elimination can be expressed through an extension of the A-calculus. In the classical setting,
there are several term calculi based on classical sequent logic, in which terms unambiguously encode
sequent derivations and reduction corresponds to cut elimination [11} 2] (12} [4, [3]. In contrast to natural
deduction proof systems, sequent calculi exhibit inherent symmetries in proof structures which create
technical difficulties in analyzing the reduction properties of these calculi.

Resource operators for sequent A-calculus The simply typed A%%-calculus, proposed by Espirito
Santo [5] as a modification of Herbelin’s A-calculus, completely corresponds to the implicational frag-
ment of intuitionistic sequent logic. We extend the Curry-Howard correspondence to intuitionistic se-
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quent logic with explicit structural rules of weakening (thinning) and contraction. We propose a term
calculus derived from A®% by adding explicit resource operators for weakening and contraction, which
we call A (linear A ¢%). The main motivation for our work is to explore these features in the sequent
calculus setting. Kesner and Lengrand [9] developed a term calculus corresponding to intuitionistic cal-
culus in natural deduction format equipped with explicit substitution, weakening and contraction. For
the proposed calculus we introduce the type assignment system with simple types and prove some oper-
ational properties, including the types preservation under reduction (subject reduction) and termination
properties. We then relate the proposed linear type calculus to the calculus of Kesner and Lengrand in
the natural deduction framework.

Parts of the presented work have been realised jointly with José Espirito Santo, Jelena Ivetic, Pierre
Lescanne, Silvia Likavec and Dragi$a Zunic.
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Pattern matching against dynamic patterns in functional programming languages is modelled in the
Pure Pattern Calculus by one single meta-rule. The present contribution is a refinement which nar-
rows the gap between the abstract calculus and the implementation, and allows reasoning on matching
algorithms and strategies.

1 Dynamic Patterns

Pattern matching is a base mechanism used to deal with algebraic data structures in functional program-
ming languages. It allows the reasoning on the shape of the arguments in the definition of a function. For
instance, define a binary tree to be either a single data or a node with two subtrees (left code, in ML-like
syntax). Then a function on binary trees may be defined by reasoning on the shapes generated by these
two possibilities (right code).

type “a tree = let Tt = match t with
| Data ’a | Data d -> <codel>
| Node of ”a tree * “a tree | Node (Data d) r -> <code2>
| Node I r -> <code3>

An argument given to the function f is first compared to (or matched against) the shape Data d (called a
pattern). In case of success, d is instantiated in <codel> by the corresponding part of the argument, and
<codel> is executed. In case of failure of this first matching (the argument is not a data) the argument is
matched against the second pattern, and so on until a matching succeeds or there is no pattern left.

One limit of this approach of programming is that patterns are fixed expressions mentioning explicitly
the constructors to which they can apply, which restricts polymorphism and reusability of the code. This
can be improved by allowing patterns to be parametrized: one single function can be specialized in
various ways by instantiating the parameters of its patterns by different constructors or even by functions
building patterns. However, introducing parameters and functions into patterns modifies deeply their
nature: they become dynamic objects that have to be evaluated. The Pure Pattern Calculus (PPC)
of B. Jay and D. Kesner [JKQ9, Jay09] models these phenomena using a meta-level notion of pattern
matching. The present contribution analyzes the content of the meta pattern matching of PPC (reviewed
in Section[2)), and proposes an explicit pattern matching calculus (Section [3) which is confluent, which
simulates PPC, and which allows the description of new reduction strategies (Section [4). Additional
material may be found in [Bal08]

2 The Pure Pattern Calculus

This section only reviews some key aspects of PPC. Please refer to [JKQ09] for a complete story. The
syntax of PPC is very close to the one of A-calculus: the difference is the abstraction [8]p — b over
a pattern and not Ax.b over a single variable, and the distinction between variable occurrences x and
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matchable occurrences X of a name x. Variable occurrences are usual variables which may be substituted
while matchable occurrences are immutable and used as matching variables or constructors.

t = x|X|tt|[B]t—-t PPCterms

where 0 is a list of names. Letter a (resp. b, p) is used to indicate a PPC term in position of argument
(resp. function body, pattern). Letters t, u v are used when there is nothing to emphasize.

As pictured below, in the abstraction [8]p — b the list of names 8 binds matchable occurrences in
the pattern p and variable occurrences in the body b. Substitution of free variables and a-conversion are
deduced (see [JKO9]).

[X] xX = XX =a [y] Xy = yX

One feature of PPC is the use of a single syntactic application for two different meanings: the term tu
may represent either the usual functional application of a function t to an argument u or the construction
of a data structure by structural application of a constructor to one or more arguments. The latter is
invariant: any structural application is forever a data structure, whereas the functional application may
be reduced someday (and then turn into anything else).

The simplest notion of pattern matching is syntactic matching: an argument a matches a pattern p
if and only if there is a substitution ¢ such that a = p®. However, with arbitrary patterns this solution
generates non-confluent calculi [KIo80]. In the lambda-calculus with patterns for instance [KvOdV08],
syntactic matching is used together with a restriction on patterns (rigid pattern condition). The alternative
solution of PPC allows a priori any term to be a pattern, and checks the validity of patterns only when
pattern matching is performed. This verification is done by a more subtle notion of matching, called
compound matching, which tests whether patterns and arguments are in a so-called matchable form. A
matchable form denotes a term which is understood as a value, or a term whose current form is stable
and then allows matching. Matchable forms are described in PPC at the meta-level by the following
grammar:

d == X]|dt Data structures
m = d|[0]t—-t Matchable forms
The compound matching is then defined (still at the meta-level) by the following equations, in order:
fa/ 3 = {xB a} if x A1
{53 = {& if x 181
faia2/9 p1p2} = {a1/e p1} Ao/ p2}  if azar and pip; are matchable forms
a5 p} = L[ if a and p are matchable forms, otherwise

where [ddnotes a matching failure and [idlthe disjoint union on substitutions ( CL&l=oc CTI=1LC 1
and 0, [Cad = [CifHomains of o1 and o, overlap). This disjoint union checks that patterns are linear: no
matching variable is used twice in the same pattern (non-linearity would break confluence).

Remark that compound matching may not be defined if the pattern or the argument is not a matchable
form. This represents patterns or arguments that have still to be evaluated or instantiated before being
matched.

PPC has to deal with a problem of dynamic patterns: a matching variable may be erased of a pattern
during its evaluation, which would make reduction ill-defined. This is avoided in PPC by a last (meta-
level) test, called check: the result {a/y p} of the matching of a against p is defined as follows.

e iffa/y p} = Cihkn{a/y p} = 1
e if fa/s p} =0 withdom(o) &6 then {a/y p} = L1
e if fa/y p} = o withdom(c) =6 then {a/y p} =0.
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Finally, the reduction —- ppc of PPC is defined by a unique reduction rule (applied in any context):
(Blp—~ba —- beP

where b id some fixed close normal term [far any term b.

Example 1. Lett be a PPC term. The redex ([x]€X — x) (€t) reduces to t: the constructor ¢ matches itself
and the matchable X is associated to t. On the other hand, ([x,y]¢éX — xy) (6t) reduces to [ Whereas
the compound matching is defined and successful, the check fails since their is no match for y and the
result would be ty where y appears as a free variable. The redex ([x]éX — x) (€) also reduces to [sihce
a constructor will never match a structural application. And last, ([x]yX — X) (€t) is not a redex since the
pattern has to be instantiated.

3 Explicit Matching

This section defines the Pure Pattern Calculus with Explicit Matching (PPCgw), a calculus which gives
an account of all steps of a pattern matching process of PPC. An explicit version of PPC has to deal
with the four aforementioned points: identification of structural applications, pattern matching, linearity
of patterns, and check.

Firstly, a new syntactic construct is introduced to discriminate between functional and structural ap-
plications (as in [EMSO06] for the rewriting calculus for instance). Any application is supposed functional
a priori, and two rules (— ., given on page 4) propagate structural information: the explicit structural
application of t to u is written t e u.

Another new syntactic object has to be introduced to represent an ongoing matching operation. The
basic information contained in such an object are: the list of matching variables, a partial result repre-
senting what has already been computed, and a list of matchings that have still to be solved. The new

grammar 1s. t == x|R|tt|tet|[8]t —t|t@[t|AC] PPCem Terms
m = X|tet|[0]t—t Matchable forms

where in the matching [@l|T|ALI0 and T are lists of names and A is the list of submatchings that have
still to be solved (a list of pairs of terms). The choice is here to apply partial results as soon as they are
obtained so that they do not need to be remembered. However, a trace of the partial results is remembered
for linearity verification: T is the list of matching variables that have already been used, while 8 is the
list of matching variables that have not yet been used, and hence the check succeeds if and only if 6
is empty. A pure term of PPCg)y is a term without structural applications and matchings (that means a
PPC term). Definition of free variables and matchables is as follows. The set of free names of a termt is

f(t): f(t) = fu(t) CIm()
fv(x) = {x} fmx) = 0
fvX) = 0 fm(X) = {x}
fv(tu) = fv(t) Cd(u) fm(tu) := fm(t) CImh(u)
f(teu) = fv(t) C(u) fm(teu) := fm(t) CImh(u)
fv([®]p—~b) = fv(p) LM (b)\0) fm([B]p—-b) := (fm(p)\6) Limh(b)
fv(t @|t]AD] (fv(t)\ (6 D)) Ci(A)

fmt @[t|AD] = fm(t) CIm(mi(A)) CCM(m2(A)) \ (6 L))
where if A = (ag, py)...(an, pn) then fm(ma(A)) = —Tm(a;) and fm(m(A)) = —Tm(p).
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The (meta-) definition of substitution of free variables can be deduced:

x? = ox x [Cddm(o) G . +G..G

x° = x x[Idom(o) (tu)o T tou -

0 = % (teuw)® = t%eu
([6lp—Db)° = ([6]p° -~ b°) 6 n(dom(o) [10(c)) =0
(t@[T[ADY = t°@[t]A°C] (8 [T)n (dom(c) CTA(a)) =0

where in A° the substitution propagates in all terms of A. A notion of a-conversion is associated, and
for now on it is supposed that all bound names in a term are different, and disjoint from free names.

Rules for matching are of three kinds: an initialization rule —- g which triggers a new matching
operation, several matching rules —- , corresponding to all possible elementary matching steps and two
resolution rules — ; that apply the result of a completed matching.

Structural application & —. Ret

(teu)v —. (teu)ev

Initialization
([6lp—b)a —-p b@E|O|(a, p)]

Matching

b@|t|(a, )AL —— 1 b¥E @\ {x}t C{H}HAC if x [B) x MThnd fn(a) C(A CTI=10

b [@t|(X,X)A] — 1 b E|T|AC] if x [M8land x MT1

b [@l|t|(ag =@z, p1* p2)AL] —— b @E|T|(ag, p1)(@z, p2)ALC]

b@|t|(a, p)ALT — [ if a and p are matchable forms, otherwise

Resolution b@tle] —, b

b@t|e] —, [ IfOE0

Reduction —- g of PPCgy is defined by application of any rule of — g, =5+, = 0r = in
any context. The subsystem —- , = — . [ =, [ = computes already existing pattern matchings
but does not create new ones.

3.1 Confluence and Simulation properties

Proofs are similar to those presented in [Bal08].
Theorem 1. ——  is confluent and strongly normalizing.
Theorem 2. PPCgy is confluent.

For any PPCgy term t, write [t] the term t where all structural applications (=) are replaced by functional
applications. Lett be a PPCgy term, and t"the unique normal form of t by —— ;. Write t | the term [t4.

Theorem 3.
« For any terms t and t“of PPC, if t —— ppc tthent — L5 t¥

« For any terms t and t“of PPCgy, ift — gy t“and t ¢ and t™) are pure, thent —— 5 Y

4 Reduction Strategies

Pattern matching raises two new issues concerning reduction strategies (that means the evaluation order
of programs). One is related to the order in which pattern matching steps are done, the other concerns
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the amount of evaluation of the pattern or the argument done before pattern matching. This subsection
focuses on the latter problem. In PPC, the basic evaluation strategy for a term ([8]p — b)a is: evaluate
the pattern p and the argument a, and then resolve the matching. As the usual call-by-value, this solution
may perform unneeded evaluation of the argument (in parts that are not reused in the body b of the
function). Call-by-name, which means substituting non-evaluated arguments, is the more basic solution
to this problem. But how can such a solution be described in a pattern calculus? In PPC some evaluation
of the argument has to be done before pattern matching, but the exact amount of evaluation needed
depends on the pattern. Hence a description of a reduction strategy performing a minimal evaluation
of the argument is not possible in PPC without defining a reduction parametrized by a pattern. On
the other end PPCgy allows to shuffle pattern or argument reduction and pattern matching steps. This
finer control allows for instance to define call-by-name reduction to head-normal form by the following
evaluation contexts: E I

Et

t @A|T|(E,t)A]

t@t|(X,E)A]  x [@Bland x [IT]

t@At|(t=t,E)A]

Reduction following these evaluation contexts triggers pattern matchings as soon as possible. Then the
pattern and the argument are evaluated until they become matchable, and a pattern matching step is
performed before the story goes on.

More generally this also allows to revisit standardisation for pattern calculi [KLR10].

5 Conclusion

The Pure Pattern Calculus is a compact framework modelling pattern matching with dynamic patterns.
However, the conciseness of PPC is due to its use of several meta-level notions which deepens the gap
between the calculus and implementation-related problems. This contribution defines the Pure Pattern
Calculus with Explicit Matching, a refinement which is confluent and simulates PPC, and allows reason-
ing on the pattern matching mechanisms. This enables the definition of new reduction strategies in the
spirit of call-by-name (which is new in this kind of framework since the reduction of the argument of a
function depends on the pattern of the function, pattern which is itself a dynamic object).
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Higher-order Rewriting for Executable Compiler Specifications

Kristoffer Rose, IBM Research™

Abstract

In this paper we show how a simple compiler can
be completely specified using higher order rewrit-
ing in all stages of the compiler: parser, analy-
sis/optimization, and code generation, specifically
using the crsx.sourceforge.net system for a small
declarative language called “X” inspired by XQuery
(for which we are building a production compiler in
the same way).

1 Introduction

A canonical minimal compiler consists of a parser
translating the source language SL to the interme-
diate language IL, some rewrites inserting analysis
results into and performing simplifications of the IL,
and code generation to the target language TL (pre-
sumably using the annotations).

SL

Parse %_ CodeGenz-
TL

£
\_/
Rewrite

The actual samples we'll present below are mere toys,
of course, but do illustrate the ideas in a manner that
is consistent with the production compiler.

For terms and rewriting we use the CRSX sys-
tem [12, 13] variation of Combinatory Reduction
Systems [9]. We have chosen to use the straight
CRSX notation here to show the actual executable
form of our specifications; the basic notations are
summarized in Appendix A.

LBM Thomas J. Watson Research Center, P.O. Box 704, York-
town Heights, NY 10598, USA; krisrose@us.ibm.com, http://
kristoffer.rose.name. Printed May 17, 2010.

2 Parse

The first component of our compiler is the parsing
from X syntax to the IL, which consists of higher
order terms (one can consider the IL a as higher
order abstract syntax [11] representation). In the
CRSX system this is achieved with the parser speci-
fication shown in Figure 1, which follows the format
of the JJICRS component of the CRSX system [13].
The parser specification is merely a grammar defin-
ing some tokens (written in [I$) and some nontermi-
nals, such as can be found in any text on compilers,
using annotations to provide details of how to build
the (higher-order) abstract syntax tree:

e each [J.[CHenotes the generated term for that
particular production choice;

= nonterminals are named with meta-variables®
such that they can be referenced in generated
terms by use of the corresponding meta-variable
(with an optional numeric subscript, if needed);

« if a token is marked with a superscript meta-
variable, like [@omp[cP, then the correspond-
ing meta-applications, here Cgyl...], builds a con-
struction with the token value as constructor;

= 7 after a token promotes the token value to a
scoped identifier definition and makes [v] after a
single nonterminal in the same production indi-
cate that the scope of v is that nonterminal; and

= 'V after a token indicates that the token must be
an occurrence of an identifier that is in scope.

Notice the following specifics for the X grammar:

* The top-level nonterminal is X, which generates
an X program term.

1Meta-variables are here italic upper case letters; see Ap-
pendix A for details.
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I
X =E X[E]

m

1] 1 1[I
=S “,Es COI’][SLEz]I:E S:

(program)

(expression)

1 ]
S ;= “for” Marl’Y “in” S; “return” SZ[VI]:IFor[Sl, X.S%(]]

“if" “(” E “)" "then" S “else" S
i ! 2

Ci C

(] 1 1
C:=A; [QomplP A, ColAL, A H A
O 1 (1
A:=P; [@Qp% A, Og[P1,A] P1
CIH 1 | | |
Pu=MNar v Umnt Int[I]I:E“(” E“)” EI:E“sum" P Sum[P]

Mar[(t= [a-z, A-Z] [a-z, A-Z,0-9]"

mtCE= [0-9]"
[Qomp[l=“le”
[Dplj:: “_11

If[Eo, S1, S2] (simple)
(comparison)
(addition)
(primary)
(var)

(int)

(comp)

(op)

Figure 1: X syntax and IL generation.

= An expression is either produced by E , S, and
then it generates a Con-term, or just by S, and
then it simply generates what is generated for
the S.

* A simple expression S has three forms, where
the for expression is the only one involving a
scope: the grammar annotation specifies where
the variable and scope occur in the syntax and
then specifies how they are transferred to the
term, where the scope is explicitly specified by
X. Sy[X].

* One of the choices for a primary expression P is
a MarCoccurrence where the “1” in the annota-
tion stipulates that the symbol must be in scope
(thus effectively occur as the iteration variable
of a parent for).

The X program
sum(for n in (1,2) return n-1)
parses to the term
X[Sum[For[Con[Int[1], Int[2]], n. -[n, Int[2]111]

In summary, the parser specification looks like many
other abstract syntax tree generation notations, such
as MetaPRL [7], except for the additional direct sup-
port for higher order abstract syntax by explicitly
specifying the scoping and a pleasantly compact way
to generate terms where tokens are used directly as
constructors, which reduces the size of large parsers
considerably.

3 Rewrite

As a simple analysis example we show the use of in-
ference rules for a simple X type checker in Figure 2.
Again, such systems can be found in standard texts
on programming language semantics and compila-
tion, and the system shown here is directly generated
from the inference system processed by CRSX.?

The rules define a judgment that adds type infor-
mation to every subterm in the form of an environ-
ment annotation, {Ty : T}, which associates Ty (a
constructor like all the upright names in the system)
with the type of the annotated subterm, T, where the
type sort can be described by

T = l[ﬁ %LU] (type)

U:=B (unboxed)
(where 1 and [are cardinalities, and B, I, and ?,

stand for integer, boolean, and unknown value types,
respectively).

Definition 3.1. If E has the free variables X4, ..., X,
then
{Iix1:Te.. 0 %, TL3E EON Ty : TIEY

means that with x; of type Ty, etc., then the type of
EisT.

2The only difference is that CRSX processes terms of the form
Infer[N,(P1;... Py,;),C] which are shown as Z1250 (N).
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{r}e CEY

X)

{rIX[E] CXO Ty - TIETHX[ET

{r}e; CEH

{r3&, CE (Con)

{T }Con[Ey, E5] LALL Ty : J[T[EL, T[EH]} Con[ELEL]

XN {r}E; CEd {r;x:P[T1]}E2[x] CEHX] TESX]] =T2) (For)
{r }For[E1, v.Ez[v]] LA Ty : S[T2]}For[EL v.ES{v]]
{r}E CET T[ET=1[B] {r}E; CEF {r}E; EEQ(”)
{T}If[E, E1, Ep] CXIE Ty : U[T[EL], T[EST} IFIETEL EL]
{r}E. CEF  T[E{]=1[1] {r}E: CEXF  T[EZ] = 1[I] (le)
{r}'Ie'[Eq, E2] [LXTLTy : 1[B]}Ie'[EL E]]
{r}e; CEF T[E=1[I] {r}e; CEXF T[EF]=1[I] ) {r}e CET S[T[ET =0 (Ssum)
{r}-[Es, BEx] T Ty @ 1[I} -[EL ES] {C}Sum[E] CIIL Ty : 1[I} Sum[ET
(Var) (Int)

{r;x:Tix LTy : T} Typed[X]

{F}int[l] LTy @ 1{1]} Int[1]

JATLATY] - O0ulT, T J[T], 0] - O0ulT, T I(0W], AT - OOulT, TH; (W], 0] - qOulT, TTi;
ULL[T], AT - 1[Uu[T, T ULAT], 00 — OOu[T, T U[OT] AT - O0u[T, T9; u[D], 019 - OoulT, T,
Uu[l,I] - I; Uu[B,B] - B; Uu[l,B] - ?; Uu[B,I] - ?;
S[A[T]] - 0W]; S[Om]] - Om]; PLA[TI] - 1[T]; PLCE] - 1[T];
TH{r;Ty:T}E] - T;

Figure 2: X typing inference rules and helpers.

The rules follow the conventions of compilers writ-
ten in natural semantics [5] by being “left-to-right
deterministic,” and can be translated directly into
rewrite rules corresponding to a recursive functional
program, except for the (For) rule, which involves a
“subproof under binding.” The higher order nature of
(For) is manifest in the rule by the XI(...) wrapper
around all the premises: this permits the subproofs
of the premises to use x as a free variable. It is then
fairly easy to establish that for a closed expression E,
all subproofs of the proof for {}£ [EPwill satisfy
the invariantthat ' = {x; : T1;...;X: n: X,} con-
tains all free variables in the subterm to investigate.
It is also pleasant that the impact of the use of bound
variables is restricted to the rules dealing explicitly
with binding: there are no “lift” or “shift” operators
to manipulate.

Each inference judgment (in our example just “ 7)1

corresponds to a family of recursive functions and
constructors that permits representing the stage of
each inference rule as a data structure with a “current

problem” top judgment to reduce next. Note that the
synthetic function symbols are inserted under the en-
vironment, which makes non-terms like {I"; x : T }x
possible: the generated rewrite rule for the (Var) in-
ference will, in fact, be

{;x:T}?-[x] - {I; Ty : T} Typed[X]

because each judgment [y _dorresponds to a func-
tion named ?-N .

In addition, the rules employ a number of helper
rewrite rules that define the computation of certain
type combinations, e.g., J computes the type of a
concatenation, U means union, S means sequences
of, and P means the type of members of sequences
(called the “prime” type).

We give the details for how inference rules are
translated into rewrite rules in a separate paper; here
we shall just remark that the following properties of
the rules are important for permitting efficient trans-
lation all the way to low level code:
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« Every conclusion judgment has a unique con-
structor in the pattern. (This can be relaxed to
a condition on unique prefix collections similarly
to the way LR grammars are generalized to LALR
grammars.)

e The left side of every premise judgment can be
fully constructed from components from prior
(left) premises and the left side of the conclusion
judgment.

= Judgments only ever observe inherited attributes
in the environment, i.e., values set in the con-
text (specifically for bound variables set at their
binder site, which in fact permits using a single
global environment where no variables are ever
removed).

The example term,
X[Sum[For[Con[Int[1], Int[2]], n . -[n, Int[1]111]
type analyses to

X[{Ty:1[1]}Sum[{Ty:*[1]}For[
{Ty:*[11}Con[{Ty:1[11}Int[1], {Ty:1[IT}Int[2]].
n. {Ty:1[1];n:1[13}-[

{Ty:1[1];n:1[11} Typed[n],
{Ty:1[1];n:1[17}Int[1]
1
111

We can now use the type annotations to perform
more traditional CRS(X) simplification rewrites, such
as

{r }For[{Ty : 1[T]}Ea, v.E2[]] - Ez]

(which matches For expressions that iterate over a
singleton sequence and do not use the iteration vari-
able in the result, and replaces them with just the For
body).

4 Code Generation

Finally, the code generation. We have found that
binders can be used rather effectively to represent
registers. We’'ll use the following instruction set,
which is a hybrid of (relational) algebras and a reg-
ister machine and has proven to have a good ab-
straction level when compiling into current impera-
tive languages such as Java or C.

Code C is a “two-address code” with one of the
following forms: PR[0.C] is a complete program
where the code C must send all output to the out-
put (handler) o; (Cy; Cy) first executes Cq, then Cy;
NRI[T, r.C] creates an new unititialized register r of

type T and scoped over the execution of C; LV[ry, 2]
loads (a copy of) the value of r, into ry; LC[r, V] loads
the constant value V (an integer or the booleans T or
F) into r; —[ry, r2] subtracts the value of r, from rq;
+[ry, r2] adds the value of ry to rq; LE[ry, 2, C1, C5]
checks if the value of ry is less than or equal to r, and
then executes C; otherwise C,; TF[r, C1, C,] checks if
the value of r is T and then executes C; otherwise C5;
OU[r, o] outputs a copy of the value of r to the output
0; BU[0.C, r] creates a buffer collecting from o, allows
C to send output items of type T to o, and then copies
the result to r; and PC[T, 0.Cy1, r.C;] is a pipeline that
executes C; and for every value of type T sent to o
executes C, with the value in r.

Notice that this instruction set does not have the
usual typed assembly language property that all reg-
isters are constant: we prefer to keep the option of
reuse of variables, which is particularly pertinent be-
cause it permits representing handlers by registers.

The code generation rules, shown in Figure 3,2 has
three compilation schemes: G; generates code that
sends the computed value to an output, G, gener-
ates code that selects between two code fragments
depending on whether the computed boolean value is
“true” or “false” (so it is only defined for expression
fragments that can be boolean), and Gs is a helper
scheme that generates code that stores the computed
value in a register (using an intermediate buffer —
further simplifications can be achieved by also spe-
cialising G3 to each case). It uses the P and T helpers
from Figure

It should be noted that this code generation
scheme is especially suited for reasoning about data
flow

Code generation for small sample program omitted
for space reasons.

5 Discussion

At the end what remains is to put all the pieces to-
gether. The driver is the top-level X symbol intro-
duced by parsing. We add a the following rule to
start reduction directly from the parser:

X[E] - G[?>-[E]];

I have found that this kind of architecture is relatively
easy to explain to developers with traditional “com-
piler block diagrams” like the one in the introduction,
where the fact that each analysis and translation is

3The shown rules are reformatted in mathematics style from
the original text file.
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G[E] - PRJo.Gq[E,0]]; (G)

G1[Con[Ey, Ez], 0] - (G1[Ea1,0]; Gi1[E2,0]) (Conl)

Ga[For[E1, v.Ez[V]], 0] - PC[P[T[E1]],01. G1[Ex1, 01], v. G1[E2[V], 0]] (Forl)

G1[If[E, E1, E2], 0] —» G2[E, G1[E1, 0], G1[E2, 0]] (If1)

G1[{Ty : T}'le'[E1, E2], 0] » NR[L[B], b.(G2[{Ty : T}'le’'[Ey1, E2], LC[b, T],LC[b, F]]; OU[b,0])] (lel)
Gi[{Ty : T}-[E1, E2],0] - G3[Ey, r1. Gs[Ez, r2.(—[r1, r2]; OU[ry, o])]] -1

G1[{Ty : T} Sum[E,],0] - NRJT,s.(LC[s,0]; PCJo.G;1[E1,0],Vv.*+[s,V]]; OU[s,0])] (Suml)

G1[{Ty : T}x,0] - OUJ[x, 0] (Varl)

Gi[{Ty : T}Int[E], 0] — NR[T,i.(LV[i, EJ; OUI[i,0])] (Intl)

Go[{Ty : T} Let[E1,V.E2[V]], C1, C2] - G3[E1, r1. G2[E2[r1], C1, C2ll (Let2)
Go[{Ty : T}HIf[E,E1, E2], C1,Co] - G3[{Ty : T}I[E, E1, E2], b. TF[b, C1, C2]] (If2)
Gz2[{Ty : T}'le'[E1, Ez], C1, Co] - Gs[Eyg, r1. Ga[Ez, r2. LE[ry, 12, Cq, Co]]] (le2)
Go[{Ty : T}x,C1,C3] - TF[X,Cy, C3] (Var2)

Gs[{Ty : T}E, r.C[r]] - NR[T,r.(BUJo.G1[{Ty : T}E, 0], r]; C[r]] (Store)

Figure 3: X code generation rules.

specified independently, makes using a structured ap-
proach realistic. The chaotic nature of the resulting
execution of the specification comes out as an advan-
tage and our implementation using a standard func-
tional innermost-needed strategy often ends up in-
terleaving the stages of the compilation in interesting
ways, for example eliminating dead code before type
checking, usually making mistakes in dependencies
blatantly obvious.

The current production compiler prototype speci-
fied in this way is working so well that it seems feasi-
ble to implement the actual production compiler this
way. Important factors in this has been the disci-
plined use of systems that can be transformed into
orthogonal constructor systems, for which a table-
driven normalizing strategy can be used in almost all
cases (there is a performance penalty for some sub-
stitution cases).

The CRSX system implements higher order rewrit-
ing fully in the form of CRS, thus can handle full
substitution and thus express transformations such
as inlining. However, it turns out that many spe-
cific systems share with the small ones presented
here the property that they use only “explicit sub-
stitution” style rewrites, which only permits observ-
ing variables [1]. Indeed it seems that the fact that
the approach is not functional or logical is an advan-
tage: the expressive power of explicit substitution is
strictly smaller (in a complexity sense) than general
functions.

Related Work. The area of verifying a compiler
specification is well established using both hand-
written and mechanical proofs [4]. Work has also
been done on linking correct compiler specifica-
tion and implementations using generic proof theo-
retic tools [10]. Tools supporting mechanical gen-
eration of compilers from specifications, such as
SDF+ASF [2] and Stratego [3], have focused on
compilers restricted to first-order representations of
intermediate languages used by the compiler and on
using explicit rewriting strategies to guide compila-
tion. Our goal is the opposite: to only specify de-
pendencies between components of the compiler and
leave the actual rewriting strategy to the system (in
practice using analysis-guided rule transformations
coupled with a generic normalizing strategy).

We are only aware of one published work that
uses higher order features with compiler construc-
tion, namely the work by Hickey and Nogin on spec-
ifying compilers using logical frameworks [7]. The
resulting specification looks very similar to ours, and
indeed one can see the code synthesis that could be
done for their logic system as similar to the code gen-
eration we are employing. Also, both systems em-
ploy embedded source language syntax and higher-
order abstract syntax. However, there are differences
as well. First, CRSX is explicitly designed to imple-
ment just the kind of rewrite systems that we have
described, and is tuned to generate code that drives
transformation through lookup tables. Second, vari-

Page 38



ables are first class in CRSX and not linked to meta-
level abstraction, thus closer to the approach used
by explicit substitution for CRS [1] and “nominal”
rewriting [6]. This permits us, for example, to use
an assembly language with mutable registers. Third,
we find that the focus on local rewriting rules is eas-
ier to explain to compiler writers, and the inclusion
of environments and inference rules in the basic no-
tation further helps. Finally, the CRSX engine has no
assumed strategy so we find the notion of local cor-
rectness easier to grasp.

What's Next? With CRSX we continue to experi-
ment with pushing the envelope for supporting more
higher-order features without sacrificing efficiency.

An important direction is to connect with nominal
rewriting and understand the relationship between
what the two formalisms can express.

Another interesting direction for both performance
and analysis is to introduce explicit weakening opera-
tors that “unbind” a given bound variable in a part of
its scope. While used in this way with explicit sub-
stitution [15, 8], the interaction with higher-order
rewriting is not yet clear.

In companion papers we explain the details of the
translation from the supported three forms of rules,
“recursive compilation scheme,” “chaotic annotation
rules,” and “deterministic inference rules,” into effec-
tive native executables, and we explain annotations
that make it feasible to avoid rewriting-specific static
mistakes.

Acknowledgements. The author is grateful for in-
sightful comments by the anonymous referees includ-
ing being made aware of the work in logical frame-
works.
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A.1 Lexical conventions

At the character level, usual white space is permitted and
each of the reserved characters [J(){}:;., is a separate
token (except in strings and entities as noted below). Ev-
erything between // and the end of a line (outside of a
string) is white space (a comment).

Three categories of composite tokens are used:

< Words starting with a lower case letter are variables,
denoted v in the grammar below.

« Capitalized Italic words (as well as words that contain
the # character) are meta-variables and generally de-
noted by M in the grammar below;

< All other words and composite symbols (except with
<>&) as well as strings written inside double or single
quotes (permitting white space and reserved charac-
ters as well as both duplicated and \-escaped quotes
of the same kind inside) are constructors and generally
denoted with the letter C in the grammar below.

Notice that strings are just ordinary constructors C and
thus can be used wherever such are allowed. Constructors
containing $ in their name are reserved.

A.2 Terms

The lexical tokens combine into terms according to the fol-
lowing basic grammar (the characters []{}, should be seen
as literals):

t:=v|{e}C]s,...,s] | M[t,...,1] (Terms)
su=vd|t (Scope)
ex=M]|ev:it|eC:T (Env)

where _denotes vivz...v, for n > 0. A scope binds the
variables in the vector such that lexical occurrences of these
inside the t denote those specific variable instances (with
the usual caveat that the innermost possible scope is used
for each particular variable name).

The parser furthermore permits the following abbrevi-
ations borrowed from A calculus and programming lan-
guages:

e Parenthesis are allowed around every term, so (t) is
the same as t;

e c Hlabbreviates c[vi.C[va. - - - Cc[Vp.t] - -]];

« t;t, abbreviates @[t1 ,t> ] and is left recursive so
titots is the same as (tito)ts;

e ti1;t, abbreviates $Cons [t ,t> ] and is right recur-
sive with the special rule that omitted segments corre-
spond to the special subterm $Nil, so (ti ;t2; ) corre-
sponds to the term $Cons[t: ,$Cons[t, ,$Nil]]; and

e empty brackets [] can be omitted.

A.3 Rules

Rules are a special interpretation of terms use by the
rewrite engine to define rewrite systems, written as

name[options] : pattern — contraction

with special conventions for the name, pattern, and
contraction parts:

« the name becomes the name of the rule,

« the options is a comma-separated list of instructions
to relax the requirement that all used meta-variables
occur exactly once on each sides of the rule, that all
used variables are explicitly scoped, and that all pat-
tern meta-applications permit all in-scope variables,

« the pattern is just a term that must be a construc-
tion where meta-applications are applied exclusively
to distinct bound variables, and

« the - is really written as “&rarr;”.

Otherwise, rewriting is like CRS where matching builds a
“valuation” that maps each meta-variable to an abstration
over the bound pattern variables in the redex, and contrac-
tion then uses the valuation to substitute matched bound
variables appropriately [9]. Rules generalize to match en-
vironments in the natural way, with one important restric-
tion to avoid the axiom of choice: constant keys must be
given explicitly, and variable keys must be constrained to
a specific variable (by being matched elsewhere in the pat-
tern). Additionally, environment patterns permit a “catch-
all” meta-variable that denotes the collection of all key-
value pairs in the matched environment (including any
matched explicitly), which can then be inserted by contrac-
tion (where explicit key-value pairs are seen as modifiers).

Finally, we permit free variables in patterns and contrac-
tions. A free variable in a pattern will only match actual
locally free variable occurrences in redices. This interferes
with the usual CRS constraint that distinct variables in a
pattern match distinct variables in the redex explicit to
avoid capture of locally bound variables. A free variable
in a contraction is either already matched in the pattern or
corresponds to generating a globally “fresh” variable [14].

A.4 Differences from Standard CRS

The CRSX notation differs from standard CRS in the follow-
ing ways.
* Meta-variables use distinct tokens rather than reserv-
ing the Z symbol.

« Binding is indicated with a dot as in A calculus instead
of using leading brackets. In addition, scopes are not
terms but are restricted to occur on the subterms of
constructions. So in CRSX the pattern C[#] does not
match the term C[x.x] and the pattern C[x.#[x]] does
not match the term C[xy.A].

« Several abbreviated forms are permitted.

= There is special support for environments and the use
of free variables.
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This article is devoted to the presentation of Arex, an explicit substitution calculus with de Bruijn
indexes and an elegant notation. By being isomorphic to Aex — a state-of-the-art formalism with
variable names —, Arex accomplishes simulation of 3 -reduction (Sim), preservation of {3-strong nor-
malization (PSN) and metaconfluence (MC), among other desirable properties. Our calculus is based
on a novel presentation of Agg, using a peculiar swap notion that was originally devised by de Bruijn.
Besides Arex, two other indexed calculi isomorphic to Ax and Axgc are presented, demonstrating the
potential of our technique when applied to the design of indexed versions of known named calculi.

1 Introduction

This article is devoted to explicit substitutions (ES, for short), a formalism that has attracted attention
since the appearance of Ao [1] and, later, of Melliés’ famous counterexample [13]. The main motivation
behind the field of ES is studying how substitution behaves when internalized in the language it serves
(in the classic A-calculus, substitution is a meta-level operation). Several calculi have been proposed
since [13] and few have been shown to have a whole set of desirable properties: Sim, PSN, MC, Full
Composition, etc. For a detailed introduction to the ES field, we refer the reader to e.g. [12} (11} [16].

In 2009, D. Kesner proposed Aex [11], a formalism with variable names that has the entire set of
properties expected from an ES calculus. As far as we know, no ES calculus with de Bruijn indexes [5],
a simple enough notation and the whole set of properties exists to date. We present here such a calculus:
Arex, based on a more adequate swapping-based version of Agg [5] — Ar —, that we also introduce here.
Moreover, the calculus is isomorphic to Aex and, therefore, properties are preserved exactly. Together
with Ar and Arex we present Are and Arege, two formalisms that, in turn, are isomorphic to Ax [4, 3] and
Axgc [4]. As far as we know, no indexed isomorphic versions of Ax and Axgc were known either.

2 A new presentation for Agg: the Ar-calculus

The A-calculus with de Bruijn indexes (Agg, for short) [5] accomplishes the elimination of a-equivalence,
since a-equivalent A-terms are sintactically identical under Agg. This greatly simplifies implementations,
given that working modulo a-equivalence is generally tedious and expensive. One usually refers to a
de Bruijn indexed calculus as a nhameless calculus, for names are replaced by indexes. We observe here
that, even though this nameless notion makes sense in the classical Agg-calculus (because the substitution
operator is located in a meta-level), it seems not to be the case in certain ES calculi derived from Agg,
such as: As [8], Ase [9] or At [10]. These calculi have constructions of the form a[i := b] to denote ES
(notations vary). Here, even though i is not a name per se, it plays a similar role: i indicates which index
should be replaced; then, we believe, these calculi are not purely nameless.

Given this not-completely-nameless notion, we start by eliminating the index i from the substitution
operator. Then, we are left with terms of the form a[b], and with a (Beta) reduction rule that changes
from (Aa)b - a[l:=b] to (Aa)b — a[b]. The semantics of a[b] should be clear from the new (Beta)
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rule. The problem is, of course, how to define it. Two difficulties arise when a substitution crosses (goes
into) an abstraction: first, the indexes of b should be incremented in order to reflect the new variable
bindings; second — and the key to our technology —, some mechanism should be implemented in order to
replace the need for indexes inside closures (since these should be incremented, too).

The first problem is solved easily: we just use an operator to progresively

increment indexes with every abstraction crossing, in the style of At [10]. The ob(A 1 2)
second issue is a bit harder. Figure [T will help us clarify what we do when a

substitution crosses an abstraction, momentarily using oPa to denote a[b] in (a)
order to emphasize the binding character of the substitution. In this example

we use the term oP(A12) (which stands for (A12)[b]). Figure shows Aob 1 2)
the bindings in the original term; Figure [I(b)| shows that bindings are inverted

if we cross the abstraction and do not make any changes. Then, in order to (b)

get bindings “back on the road”, we just swap indexes 1 and 2! (Figure [I(c)).

With this operation we recover, intuitively, the original semantics of the term. AP 2 1)
Summarizing, all that is needed when abstractions are crossed is: swap indexes

1 and 2 and, also, increment the indexes of the term carried in the substitution. (©)

That is exactly what Ar does, with substitutions in the meta-level. In particular,

we show that Ar and Agg are identical. Figure 1: Bindings

Terms for Ar are the same as those for Agg. That is:
Definition 1 (Terms for Agg and Ar). The set of terms for Agg and Ar, denoted Agg, is given in BNF by:
a:=nlaalAa n [NLo
We now define the new meta-operators used to implement index increments and swaps.
Definition 2 (Increment operator — 1;). Forevery i [Nl 1 : Ags — /g is given inductively by:

1 . .
ti(ab) = 1i@@) 1i(b) nny = n if n<i
tida) = A 1i+1(2) ! n+1 if n>i

Definition 3 (Swap operator — ) For every i [NLg, IAgs — Ags is given inductively by:

L1
_ if n<i [n>i+1

(ha) = A Luh(2) L R

Finally, we present the meta-level substitution definition for Ar, and then the Ar-calculus itself.

Definition 4 (Meta-substitution for Ar). For every a,b,¢c [CALg, n [(Nkq, *{*}: Agg X A\gg - Agg IS
given inductively by:

(ab){c} = a{c}b{c} _ I:cl if n=1
Aa){cy = A Ga){10()} M = 1 if n>1

Definition 5 (Ar-calculus). The Ar-calculus is the reduction system (Ags, Br), Where By CAdg %< Agp IS:

(@l CAks) %'ﬁsr b {0 context; ¢,d [Akg)(a=C[(\c)d] Chi= C[c{d}])l:l

The next theorem states the relationship between Ar and Agg meta-substitution operatorsﬂ having as
an immediate corollary that Ar and Agg are the same calculus.

1See [8], for example, for the definition of Agg meta-substitution: a{{i — b}}.
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Theorem 6. For every a,b CAlg : a{f{l ~ b}} = a{b}. Therefore, Agg and Ar are the same calculus.

Proof. The proof is not trivial: to cope with stacked swaps and increments, an extended notion for these
operations is needed; as well as many natural intermediate lemmas. A full technical proof can be found
in [14], chapter 3. Moreover, this result was checked using the Coq theorem proverﬂ O

3 The Are, Aregec and Arex calculi

In order to derive an ES calculus from Ar, we first need to internalize substitutions in the language.
Thus, we add the construction a[b] to Agg, and call the resulting set of terms Are. As a design decision,
operators t; and [_are left in the meta-level. Naturally, we must extend their definitions to the ES case,
task that needs several lemmas to ensure correctness, and that can be found in [14], chapter 4. Extensions
are rather intuitive:
ti(afb]) =ti+1(a@)[1i()]  and Li(a[b]) = Lith () [ G(b)]

Then, we just orient the equalities from the meta-substitution definition as expected and get a calculus we
call Are (that turns out to be isomorphic to Ax [4, (3], as we will later explain). It is important to mention
that, even though independently discovered, the swapping mechanism introduced in Ar — and then used
for the conception of Are — was first depicted by de Bruijn for his CA& o [6] (later updated w.r.t. notation
— A& —and compared to Av in [2]). Although CA& @ is completely explicit (1; and Lare implemented
by means of a special sort of substitution, c.f. [2]), whereas Are keeps t; and [;_&s meta-operators, the
similarity between both calculi is remarkable. In spite of this, and as far as we know, no direct succesor
of CA& @ was found to satisfy PSN and MC (in particular, CA& @ lacks compaosition).

As a next step in our work, we add Garbage Collection to Are. To get this right, we introduce a new
meta-level operator — |; — that simply decrements indexes by one, so as to mimic the meta-substitution
(and the corresponding Are rule) for the n > 1 index case. The operator is inspired in a similar one from
[15], needing a few lemmas to ensure a correct definition for 1;(a[b]) (cf. [14], chapter 5). Then, we get:

Definition 7 (Decrement operator — 1;). Forevery i [Nk, |j : Are - Are is given inductively by:

ti(ab) = i@ li(b) if n<i
lida) = A li+1(d) li(n) = Iﬂdefined if n=i
li(ab) = tir@[Li(b)] n—1 if n>i

Note. Notice that ;(a) is well-defined iff i IIEV(a).

The Garbage Collection rule added (GC) can be seen in Figure 2] and the resulting calculus is called
Arege (which, as we will see, is isomorphic to Axgc [4]).
Finally, the idea is approaching Aex [11]. To accomplish this, we need to be able to compose substi-
tutions the Aex way. There, composition is handled by one rule and one equation:
tx:=ully:=vl —comp tly:=vix:=uly:=v]] if y [EV(u)
tx:=ully:=v] =c¢ tly :=Vv][x:=u] if yIOIEV(u) XIATEV(v)
The rule (Comp) is used when substitutions are dependent, and reasoning modulo C-equation is needed
for independent substitutions. Since in Ar-derived calculi there is no simple way of implementing an
ordering of substitutions (remember: no indexes inside closures!), and thus no trivial path for the elimi-
nation of equation C exists, we need an analogue equation.
Let us start with the composition rule: in a term of the form a[b][c], substitutions [b] and [c] are de-
pendent iff 1 CEV/(b). In such a term, indexes 1 and 2 in a are being affected by [b] and [c], respectively.

2The proof can be downloaded from|http://www.mpi-sws.org/~beta/lambdar.v
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Consequently, if we were to reduce to a term of the form a'fc[b], a swap should be performed over
a. Moreover, as substitution [c] crosses the binder [b], an index increment should be done, too. Finally,
since substitutions are dependent — that is, [c] affects b —, bYshould be b[c]. Then, we are left with the
term [1{a)[10(c)][blc]].

For the equation, let us suppose we negate the composition condition (i.e., 1 ITEV(b)). Using
Garbage Collection in the last term, we have [i{a)[to(c)][b[c]] - c) Ll@)[to(c)][¢1(b)]. Itis important
to notice that the condition in rule (Comp) is essential; that is: we cannot leave (Comp) unconditional
and let (GC) do its magic: we would immediately generate infinite reductions, losing PSN. Thus, our
composition rule and equation are:

afbllc] - compy Ll@[1o(]Mb[c]] if 1 [EV(b)
alb]c] =p La)[10()][t1(0)] if 1MEYV(b)

Rules for the Arex-calculus can be seen in Figure The relation rex, is generated by the set of rules
(App), (Lamb), (Var), (GC) and (Comp); Arex, by (Beta) + rex,. D-equivalence is the least equivalence
and compatible relation generated by (EqD). Relations Arex (resp. rex) are obtained from Arex, (resp.
rexp) modulo D-equivalence (thus specifying reV\LEJ;f'ng on D-equivalence classes). That i[s,__l

[aJa”'[Ate:a - pyexd” I TIDJb"[Ate:a=pb - wex, b=pa"”
We define Arex as the reduction system (Are, Arex). We shall define Are and Areg next. Since the rule
(VarR) does not belong to Arex, but only to Are and Aregc, we present it here:
(VarR) (n+1)[c] - n

The relation re is generated by (App), (Lamb), (Var) and (VarR); Are by (Beta) + re; the relation regc
by re + (GC); and Aregc by (Beta) + reg.. Finally, the Are and Areg. calculi are the reduction systems
(Are,Are) and (Are, Aregc), respectively.

(EqD)  afb]lc] = Ll@)[to@I+1(b)] (1 [MEV(b))

(Beta) (Aa)b - a[b]

(App)  (ab)[c] - a[c]b[c]

(Lamb) (Aa)lc] - A Lla)[to(c)]

(Var) 1c] - C

(GC)  a[c] - 1(a) (1 MEV(a))
(Comp) afb]lc] - CGla)to(9)][blc]] (1 CEV(b))

Figure 2: Equations and rules for the Arex-calculus

For the isomorphism between Aex and Arex (and also between Ax and Are; and between Axgc and
Aregc), we must first give a translation from the set Ax (i.e., the set of terms for Ax, Axgc and Aex; see
e.g. [11] for the expected definition) to Are, and viceversa. It is important to notice that our translations
depend on a list of variables, which will determine the indexes of the free variables. All this work is
inspired in a similar proof that shows the isomorphism between the A and Agg calculi, found in [[10].

Definition 8 (Translation from Ax to Are). For everyt Ak, n NI such that FV(t) 4, ..., X}

..... xn](x) = min j:szx W[xl,...,xn]()\x-t) = )\W[x,xl,...,xn](ﬁt .
W[xl ..... xn](tu) = W[x1 ..... xn](t) W[x1 ..... xn](u) W[x1 ..... xn](t[x:: U]) = W[x,x1 ..... xn](t) W[x1 ..... xn](u)



Ariel Mendelzon, Alejandro Rios & Beta Ziliani 45

Definition 9 (Translation from Are to AX). For every a [CAte, n NI such that FV(a) [, ...,n},

Uxy...., xn](j) = Xj Ux,.,..., xn]()\a) = }\X-u[x,xl ..... xn](a)
Uxy...., xn](ab) = Ux,,.., xn](a) Ux,.,..., xn](b) U,.,..., xn](a[b]) = Uyx,.., xn](a)[x:= Ux,.,..., xn](b)]

with x Ay, ..., Xq} in the cases of abstraction and closure.

Translations are correct w.r.t. a-equivalence (i.e., a-equivalent Ax terms have the same image under
_____ x]» and identical Are terms have a-equivalent images under different elections of x for u, ).
Besides, adding variables at the end of translation lists does not affect the result; thus, uniform transla-
tions w and u can be defined straightforwardly, depending only on a preset ordering of variables. Full
proofs for all this can be found in [14], chapter 4. We now state the isomorphisms:

Theorem 10 (Aex L xfex, Ax £xfe and AXgC megc). The Aex (resp. Ax, Axgc) and Arex (resp. Are,
Aregc) calculi are isomorphic. That is,

1. W°U=|d/\re |I|=‘W:|d/\x
2. [L,u LAKk:t — Aex(AX,AXgC) u= IEI) — Arex(Are,Areg) W(u)
3. IEJb [Ate:a — Arex(Are,Aregc) b = |——Uﬂi) — Aex(AX,Axgc) U(b)

Proof. This is actually a three-in-one theorem. Proofs require many intermediate lemmas that assert the
interaction between translations and meta-operators. Full technical details for each of the isomorphisms
can be found in [14], chapters 4 (Ax £X7e), 5 (Axgc L£Ateyc) and 6 (Aex L dex). O

Finally, in order to show MC for Arex, an extension to metaterms (with decorated metavariables)
must be provided. The extension is given as expected, and a proof of its isomorphism w.r.t. the corre-
sponding extension of Aex is also shown. We refer the reader to [14], chapter 6, section 3 for details.

As a direct consequence of theorem[I0] pairwise isomorphic calculi enjoy the same set of properties:

Corollary 11 (Preservation of properties). The Aex (resp. Ax, Axgc) and Arex (resp. Are, Aregc) have
the same properties. In particular, this implies Arex has, among other properties, Sim, PSN and MC.

Proof sketch for e.g. PSN in Arex. Assume PSN does not hold in Arex. Then, there exists a [SN,_, s.t.
a IS, ex. Besides, a [SN,,, implies u(a) CSN,. Therefore, by PSN of Aex [11], u(a) SNy . Now,
as a [[ISN,, e, there exists an infinite reduction a — jrex 81 — Arex 82 — Arex ***- Thus, by theorem[10} we
have u(a) — ex U(A1) —aex U(A2) —pex -+, cONtradicting the fact that u(a) SN, cy. O

4 Conclusions and further work

We have presented Arex, an ES calculus with de Bruijn indexes that is isomorphic to Aex, a formalism
with variable names that fulfills a whole set of interesting properties. As a consequence of the isomor-
phism, Arex inherits all of Aex’s properties. This, together with a very simple notation makes it, as far as
we know, the first calculus of its kind. Besides, the Are and Areg calculi (isomorphic to Ax and Axgc,
respectively) were also introduced. The development was based on a novel presentation of the classical
Ags. Given the homogeneity of definitions and proofs, not only for Ar and Arex, but also for Are and
Aregc, we think we found a truly natural bridge between named and indexed formalisms. We believe this
opens a new set of posibilities in the area: either by translating and studying existing calculi with good
properties; or by rethinking old calculi from a different perspective (i.e., with Ar’s concept in mind).
Work is yet to be done in order to get a more suitable theoretical tool for implementation purposes,
for unary closures and equations still make such a task hard. In this direction, we think a mixed approach
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using ideas from Arex and Ao -styled calculi may lead to the solution of both issues. The explicitation of
meta-operators may also come to mind: we think this is not a priority, because the main merit of Arex is
putting into evidence the accesory nature of index updates. Furthermore, an attempt to use Arex in proof
assistants or higher order unification [7] implementations may be taken into account. Finally, adding an
n rule to Arex should be fairly simple using the decrement meta-operator.

Acknowledgements: Special thanks to Delia Kesner for valuable discussions and insight on the subject; as well
as to the anonymous referees for their very useful comments.
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This work gives some insights and results on standardisation for call-by-name pattern calculi. More
precisely, we define standard reductions for a pattern calculus with constructor-based data terms and
patterns. This notion is based on reduction steps that are needed to match an argument with respect
to a given pattern. We prove the Standardisation Theorem by using the technique developed by Taka-
hashi [14] and Crary [3] for lambda-calculus. The proof is based on the fact that any development
can be specified as a sequence of head steps followed by internal reductions, i.e. reductions in which
no head steps are involved.
We expect to extend these results to more complex calculi with open and dynamic patterns.

1 Introduction

Several calculi have been proposed in order to give a formal description of pattern matching; i.e. the
ability to analyse the form of the argument of a function in order to decide among alternative function
definition clauses, adequate to different argument forms. We will call them pattern calculi.

Central to several pattern calculi is the concept of matching; an application of an abstraction to an
argument can only be performed if the argument matches the pattern of the abstraction. An analysis of
various pattern calculi based on different notions of matching operations and different sets of allowed
patterns can be found in [9].

A fundamental result in the lambda-calculus is the Standardisation Theorem, which states that if a
term M [ -reduces to a term N, then there is a “standard” 3 -reduction sequence from M to N. This result
has several applications, e.g. it is used to prove the non-existence of reduction between given terms.
One of its main corollaries is the quasi-leftmost-reduction theorem, which in turn is used to prove the
non-existence of normal forms for a given term.

A first study on standardisation for call-by-name lambda-calculus appers in [4]. Subsequently, sev-
eral standardisation methods have been devised, for example [2] section 11.4, [14], [10] and [13].

While leftmost-outermost reduction gives a standard strategy for call-by-name lambda-calculus,
more refined notions of reductions are necessary to define standard strategies for call-by-value lambda-
calculus [13], first-order term rewriting systems [7} [15], Proof-Nets [5], etc.

All standard reduction strategies involve the definition of some selected redex/step by means of a
partial function from terms to redexes/steps; they all give priority to the selected step, if possible. We
will refer to this selected redex/step concept as the head step/redex of a term.

For the standard call-by-name lambda calculus, any term of the form (Ax.M)N is a redex, and the
head redex for such a term is the whole term. In pattern calculi any term of the form (A p.M)N is a redex
candidate, but not necessarily a redex. The parameter p in such terms can be more complex than a single
variable, and the whole term is not a redex if the argument N does not match p, i.e., if N does not verify
the structural conditions imposed by p. In this case we will choose as head a reduction step lying inside
N (or even inside p) which makes p and N be closer to a possible match. While this situation bears some
resemblance with what happens with standard call-by-value lambda calculus [13]], there is an important
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difference: both the fact of (A p.M)N being a redex, and whether a redex inside N could be useful to get
p and N closer to a possible match, depend in pattern calculi on both N and p.

The aim of this contribution is to analyse the existence of standard reduction strategies for pattern
calculi in a direct way, without using any encoding of such calculi into some general computational
framework [[11]. This direct approach puts in evidence the fine interaction between reduction and pat-
tern matching, and gives a normalization algorithm which is specified in terms of the combination of
computations of independent terms with partial computations of terms depending on some pattern. We
hope to be able to extend this algorithmic approach to more sophisticated pattern calculi handling open
and dynamic patterns [8]. The expected standardisation algorithm should be expressed using the explicit
version of the Pure Pattern Calculus [1] recently proposed.

The paper is organized as follows. Section [2] introduces the calculus, Sections [3/and [4] give, re-
spectively, the main concepts and ideas needed for the standardisation proof and the main results, and
Section[5|concludes and gives future research directions.

2 The calculus

We will study a very simple form of pattern calculus, consisting of the extension of standard lambda
calculus with a set of constructors and allowing constructed patterns. This calculus appears for example
in Section 4.1 in [9].

Definition 2.1 (Syntax) The calculus is built upon two different enumerable sets of symbols, the vari-
ables x,v,z,w and the constants c, a, b; its syntactical categories are:

Terms M,N,Q,R == x|c|Ap.M|MM DataTerms D = c|DM
Patterns p,qg = x]|d DataPatterns d = c|dp
Substitutions 6,v,T = {X3/My,...,Xn/Mp}

Definition 2.2 (Matching) The match is the partial function from patterns and terms to substitutions
defined by the following rules ( [Cah substitutions denotes disjoint union with respect to their domains,
being undefined if the domains have a non-empty intersection):

d D p 2™ 6, A defined

We write p CCMOff [@1p [¥M. Remark that p [_Mmplies that p is linear.

Definition 2.3 (Reduction step) The reduction steps of the calculus are defined by the following rules:
M - MY N - NF p oI M - MY

MN - M'N MN - MN”  (Ap.M)N - 8M Ap.M - Ap.M”

Crucial to the standardisation proof is the concept of development, we formalize it through the rela-
tion Cdmeaning M [N iff there is a development (not necessarily complete) with source M and target N.

Definition 2.4 (Term and substitution development) We define the relation [dn terms and a corre-
sponding relation » on substitutions. The relation [i3 defined by the following rules:

o M " MY NN©  Mm® 8w 6" p LW

M [ Ap.M [Ap.MP MN MN" (Ap.M)N [&M"
and » is defined as follows: 6 » 8 Siff dom(8) = dom(6 and ICdom(8) . 6x [AIX
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The definition of head step will take into account the terms (A p.M)N even if p _N-In such cases,
the head redex will be inside N as the patterns in this calculus are always normal forms (this will not be
the case for more complex pattern calculi).

The selection of the head redex inside N depends on both N and p. This differs from standard
call-by-value lambda-calculus, where the selection depends only on N.

We show this phenomenon with a simple example. Let a,b,c be constants, N = (aR;)R, a term,
where Ry and R, are redexes. The redexes in N needed to achieve a match with a certain pattern g, and
thus the selection of the head redex, depend on g.

Take for example different patterns p; = (ax)(by), p2 = (abx)y, ps = (abx)(cy), ps = (ax)y, and con-
sider the term Q = (Ag.M)N. If g = ps, then it is not necessary to reduce R; (because it already matches
X) but it is necessary to reduce Ry, because no redex can match the pattern by; hence R, will be the head
redex in this case. Analogously, for p; it is necessary to reduce Ry but not Ry, for p3 both are needed (in
this case we will chose the leftmost one) and p4 does match N, hence the whole Q is the head redex.

This observation motivates the following definition.

Definition 2.5 (Head step) The relations o (head step) and ? (preferred needed step to match pattern
p) are defined as follows:

M - MP p CONI N ~ NH
h P
— __ HAppl HBeta DHPat
MN FMEN (ApM)N - 8M (Ap-M)N = (A\p.M)N
M - MY D ~~» DV M~ MP d CD1
— N patHead 4 pat1 P — Pat2
de»MD DMg»D% DME»DM
p p

The rule PatHead is intended for data patterns only, not being valid for variable patterns; we point this
by giving a d (data pattern) instead of a p (any pattern) in the arrow subscript inside the conclusion.

We observe that the rule analogous to HPat in the presentation of standard reduction sequences for
call-by-value lambda-calculus in both [13] and [3] reads
N O

(Ap.M)NH

N
(Ap-.M)N

ERmER"

reflecting the N-only-dependency feature aforementioned.

We can see also that a head step in a term like (A p.M)N determined by rule HPat will lie inside N,
but the same step will not necessarily be considered head if we analyse N alone.

It is easy to check that if M ~; Mtthen p DM Javoiding any overlap between HBeta and HPat and

also between Patl and Pat2. This in turn implies that all terms have at most one head redex. We remark

also that the head step depends not only on the pattern structure but also on the match or lack of match
between pattern and argument.

3 Main concepts and ideas needed for the standardisation proof

In order to build a standardisation proof for constructor based pattern calculi we chose to adapt the one
in [[14] for the call-by-name lambda-calculus, later adapted to call-by-value lambda-calculus in [3], over
the classical presentation of [13].
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The proof method relies on a h-development property stating that any development can be split into
a leading sequence of head steps followed by a development in which no head steps are performed; this
is our Lemma [4.T] which corresponds to the so-called “main lemma” in the presentations by Takahashi
and Crary.

Even for a simple form of pattern calculus such as the one presented in this contribution, both the
definitions (as we already mentioned when defining head steps) and the proofs are non-trivial extensions
of the corresponding ones for standard lambda-calculus, even in the framework of call-by-value. As
mentioned before, the reason is the need to keep into account, for terms involving the application of a
function to an argument, the pattern of the function parameter when deciding whether a redex inside the
argument should be considered as a head redex.

In order to formalize the notion of “development without occurrences of head steps”, an internal
development relation will be defined. The dependency on both N and p when analysing the reduction
steps from a term like (A p.M)N is shown in the rule IApp2.

Definition 3.1 (Internal development) The relations ITJ'__(internaI development) and Itl(internal devel-
opment with respect to the pattern p) are defined as follows:

M " MEApM, MTmZ N[N
i IRefl IAbs p.My |App1

M rlﬂ__M )\p.Mihp.MD MNihﬂEND

0 N TENT NNY p CN g O
MY N TN Aop? p O, o N T

(A p.M)N "1 p.MONT N TpINC N TN

N fDhtaTerms N T p'tp” MY d D
PNoCData PCDataNol

N 'Tgp N DM 'T'gp DM
pm® M 'THME d Co p I
- PCDataNo2
pm gy DM

We observe that if either N T8 Zor N irlilN “then N [N"
The formal description of the h-development condition takes a form of an additional binary relation.
This relation corresponds to the one called strong parallel reduction in [3].

PConst

Definition 3.2 (H-development) We define the relations rl]jahd : Let M,N terms; v, 8 substitutions.
a MIN iff ()MN, (i) @M —h»%"fiﬂl, (iii) 0L Q. M ?Qp TN,
b. v :9 iff (i) Dom(v)=Dom(0), (ii) GACDbm(V) . vx rI]Ze]x

The clause (iii) in the definition of rI]__shows that the dependency on the patterns already noted when

defining head step and internal development carries on to the definition of h-development.

This clause is needed when proving that all developments are h-developments; let’s grasp the reason
through a brief argument. Suppose we want to prove that a development inside N in a term like (A p.M)N
is an h-development. The rules to apply in the Definitions[2.5and [3.1are HPat and IApp2 respectively;
therefore we need to perform an analysis relative to the pattern p when taking N alone. This analysis
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is what clause (iii) expresses. Consequently the proof of clause (ii) for a term needs to consider clause
(iii) (instantiated to a certain pattern) valid for a subterm, this is achieved including clause (iii) in the
definition and performing an inductive argument on the terms being analysed.

4 Main results

We summarize the sequence of the main lemmas needed to prove the Standardisation Theorem, and then
the theorem itself.

Once Lemmas [4.1] and [4.2] have been obtained, both Lemma [4.3] and the Standardisation Theorem
[4.5]admit very simple proofs. The proofs of the former lemmas involve some work, mostly related to the
need to check carefully the different cases when analysing a term like (A p.M)N specially when p

The proof details, along with the statements and proofs of more technical lemmas, are included in
the extended version of this contribution, available at
www . pps. jussieu. fr/ [kekner/papers/std-patterns-long-horl0.pdf.

Lemma 4.1 (H-development property)
(i) Let M,N terms, v, 0 substitutions, such that M [N and v : 8. ThenvM rI]:E)]N.

(i) Let M,N terms such that M [N. Then M rI]ZISI
Lemma 4.2 (Postponement)
@i ifm T = R then there exists a term N=such that M = NU R
(i) for every pattern p, if M irI]:IN vp» R then there exists a term Nstuch that M M; NpD.
Lemma 4.3 (Bifurcation) _
Assume M, N terms such that M [EN. Then M = R IIELC_N for some term R.

Definition 4.4 (Standard reduction sequence) The standard reduction sequences (in the following s.r.s)
are sequences of terms Mg;...; M, which can be generated by:

Mz;...;Me k=2 M > M Mz;...;M
StdHead - Stdvar DK StdAbs
M1;...; Mg X (Ap.Myp);...; (A p.My)
M¢;...;M;  Ni;...;Ng
- e StdApp

(MlNl);...(MjNl);(Msz);...;(Mij)
Remark that by induction every term is a unitary s.r.s, the rule StdVar being the base case.

Theorem 4.5 (Standardisation)
Assume M, N terms such that M [EN. Then there existsas.r.s M:...:N .

As in [13] standard reduction sequences are not unique, unless we work modulo permutation equiv-
alence [4},[12]. Indeed, let us suppose M 2 MFand N ° N We then get two different (but permutation

equivalent) s.r.s from (Ad.M)N to (Ad.MEN® M - MU
h
O
M+ m” NaN M; MY
M; MO N - N* N~ N” AdMAdMT  ND
(Ad.M); (Ad.MY N;NE (Ad-M)N (Ad.M)NE (Ad.M)NH(Ad.MENE

(Ad.M)N; (Ad.M5N; (Ad.MENE (Ad.M)N; (Ad.M)NY (Ad.MENE
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5 Conclusion and further work

We have presented an elegant proof of the Standardisation Theorem for constructor-based pattern calculi.

We aim to generalize both the concept of standard reduction and the elegant structure of the Stan-
dardisation Theorem proof presented here to a large class of pattern calculi, including both open and
closed variants as the Pure Pattern Calculus [8]. It would be interesting to have sufficient conditions for
a pattern calculus to enjoy the standardisation property. This will be close in spirit with [9] where an
abstract confluence proof for pattern calculi is developed.

The kind of calculi we want to deal with imposes challenges that are currently not handled in the
present contribution, as open patterns, reducible (dynamic) patterns, and the possibility of having fail
as a decided result of matching. Furthermore, the possibility of decided fail combined with compound
patterns leads to the convenience of studying forms of inherently parallel standard reduction strategies.

The abstract Standardisation Theorem developed by [6] in an homogenous axiomatic framework
could be useful for our purpose. While the axioms of the abstract formulation of standardisation are
assumed to hold in the proof of the standardisation result, they need to be defined and verified for each
language to be standardised. This could be not trivial, as in the case of TRS [7, [15], where a meta-level
matching operation is involved in the definition of the rewriting framework.
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